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A local representation of Electromagnetism as
a spacetime distortion versus a global
representation as a Riemann Configuration

Space

m
Abstract

It can be demonstrated that Relativistic corrections to equations of motion can be obtained without
having to resort to the apparatus of Special Relativity and all its questionable

notions.It is here conjectured that a guiding principle in the formulation of physical laws is that they
should be independent of the details of the experimental apparatus employed in their verification. In
this sense, the details of an experimental apparatus provide a more precise definition for what is tradi-
tionally referred to as a ‘frame of reference’. To elaborate, when one thinks of a frame of reference,
images of measuring rods and clocks usually come to mind in order to record moments in time and
positions in 3D space. In real experiments the hardware employed to gather data is usually much more
sophisticated than measuring rods and clocks. The approach taken here is that each instrument reading
in an experiment should be regarded as an independent dimension in a fundamental space. So in gen-
eral the number of dimensions in the space can be many. The space of observations we will refer to as a
configuration space and a frame of reference in this space will refer to the instrumentation used to
make observations. Physical laws should not be based on simple abstractions, e.g. modeling particles as
points moving in a Euclidean background space. Such simple abstractions as these have no basis in
reality and exist only in the mind of the observer, they are merely shadowy projections of a deeper
reality, at best useful approximations to be employed by engineers. If it is assumed that a physical law
follows a Lagrangian description in all frames of reference, then it can be shown that a plausible form
for the Lagrangian is that of a distance element in the configuration space embedded with a Riemann
manifold which is referred to as a Riemann configuration space. The equations of motion generated by
the distance element lagrangian are then simply the geodesics on the Riemann manifold. A first guess
at the form of such a distance element lagrangian which can recover the classical lagrangian of classical
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mechanics under normal conditions is conjectured to be,
L=V¢>-2T¢ (1)

¢ is the total potential Energy and T is the total Newtonian kinetic energy.

In the limit where T/¢— 0, L can be approximated as
L=¢-T
which is the classical Lagrangian of Classical Mechanics.

The limit T/¢ — 0 is justified if one assumes that most of the potential energy is locked up in the mass
of the system which for everyday systems is a huge quantity as compared to the interaction potential
between different components (e.g. between particles) of the system and typical Newtonian/classical
kinetic energies .

If one applies L=V¢> -2 T ¢ toa system consisting of a single particle where ¢= @ , the particle’s

internal energy, a constant, and T=m 7 the particle’s kinetic energy, then one obtains the system’s

energy to be

Po

E= mu?
(1_ b0 )

which is Einstein’s mass —velocity relationship if ¢g=m 62

In other words the distance element lagrangian contains what is commonly known as the relativistic
correction. With the Riemann configuration space formulation , in order to obtain the Relativistic
corrections, it is not necessary to begin with the assumptions of Special Relativity or to deal with the
paradox’s inherent in its implications. What’s more the distance element Lagrangian, naturally and
easily allows for the analysis of a system of arbitrary size, not just a single point particle as in Special
Relativity. However a limitation of equation (1) is that it is not invariant with respect to Galilean
transformations. In what follows it will be shown how it is possible to construct a simple lagrangian
which not only has the property of being invariant with respect to Galilean transformations but also any
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transformation which preserves spatial distance. Moreover such a lagrangian allows for the natural
emergence of the electromagnetic and gravitational fields as well as simultaneously providing an expla-
nation of inertial mass. It will be also shown that mass is in general a tensor quantity which only has
the appearance of being a scaler quantity in an isentropic spherically symmetric universe, and that mass
1s an extrinsic property of a particle as opposed to the common intuition of being an intrinsic property.

The following analysis is a relational theory of mechanics and encapsulates all principles, as stipu-
lated by Ernest Mach, of what such a theory should contain, primarily that such a theory should be
fundamentally devoid of the need of a coordinate system and that any one observation only has mean-
ing when compared to all other observations. It will also be demonstrated how Weber's force law and a
generalization of Maxwell's field theory simultaneously emerge from the principles to be elucidated,
and that the classical energy of a closed system is in general not a conserved quantity but which instead
manifests itself as having the tendency to increase total universal entropy.

= Riemann Manifolds and rotating coordinate frames

In physics the application of Riemann manifolds and the corresponding analytical apparatus is confined
to namely the General Theory of Relativity and the light speed preserving Spacetime coordinate sys-
tems which place restrictions on the form of the metric, i.e. only transformations which preserve the
speed of light are considered, and the spaces considered are 4D. 3 space and one time. In Non-relativis-
tic theories i.e., classical or Newtonian mechanics, Riemann manifolds are confined to 3 space dimen-
sions and the time is considered separate. The cited reason for this is that in general an arbitrary Space-
time transformation from one coordinate system to another will not preserve the speed of light, maybe
so, but this should not prevent a non light speed preserving metric from expressing an equation of
motion, for what is a geodesic in one coordinate system is also a geodesic in any other coordinate
system, even those which do not preserve the speed of light. (In fact the requirement that the speed of
light be preserved between transformations shall be ignored as it is not relevant to the formulation of
mechanics presented in this paper) Realizing this key point allows the full power of Riemann metrics to
be exploited. In relativity theory the metric is restricted so that the speed of light is always the same,
and only transformations between such metrics are permissible. In this paper no such restrictions are
placed on the metric, an arbitrary transformation from one reference system to another gives rise to a
new metric in which perfectly reasonable equations of motion are obtained. For example consider two
Cartesian coordinate systems on the plane. Let one be inertial and the other be rotating. By definition in
the inertial frame free particles follow straight lines, and in the rotating frame the same particles follow
curved lines. If it is assumed that the particles follow geodesics then it is easy to find a metric in the
inertial system which give rise to the geodesics, i.e. choose
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Gi,y = Constant,

and it does not matter which constants are chosen, just so long as they are constant.

Let G:,5 denote the metric in the rotating system. G; 5 can easily be determined from G; 5 if the
transformation which takes the inertial points to the rotating frame is known. Once the G, are
determined, the paths can be calculated using the geodesic equations. For convenience choose

1 00
Gi,j: 010
001

then it is straight forward to calculate G; 5 to be

1+w?x3 +w?x3 —wxz wxy
Gy, = —W X3 1 0
W X! 0 1
Xy = Xp Cos[w x1] — x3 Sin[w X/ ]
Xy = X5 Sin[w x1] + x3 Cos[w X ]
Xpr =X =t

Here w is the speed of rotation with respect to the inertial system.

Calculating the geodesics in the rotating system we get ;

dvl _ 21 (2 3
m =2 w=v' (U Xy +Uu’ X3)
r 1 S o . C
now dst :dst =0 because v! :% which in the inertial frame is constant, which implies that

(uy X2 +u3 x3) =0

For the Geodesics corresponding to the spatial coordinates we have

2' ' '
%:—WZ (X2 +2wx;3 (U2 xp +0 x3)) =—w

2X2
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3! ' '
% =—w? (x5 +2wx;3 (0% X + 0% x3))=—W? X3

This simple example serves to illustrate the point that the metric space apparatus and space-time
transformations can be employed in a description of non relativistic transformations
or transformations which are not Lorentz invariant.

= What is Spacetime?

Spacetime having four dimensions is an abstract model with no verifiable basis in reality because it
lacks concrete definition. All that exists are measurements and the relations between them, which are
what physical laws are. Each measurement or observable is a dimension in its own right. For example
if an experiment is being performed in which ten observables are being recorded then the space is ten
dimensional or eleven dimensional if a clock is being employed as one of the instruments. Also if a
clock is being used, then using more than one would add redundancy as well as present calibration
problems. After performing the experiment, it may be possible to formulate a summary of the collected
data or to deduce a law which can be used to predict the outcome of future experiments. If such a
predictive law is formulated then it only has meaning in the context defined by the details of the experi-
mental apparatus or the 'frame of reference' defined by the apparatus used to gather the data. Any predic-
tions which can be made can only be verified using the same experimental setup or within the same
'frame of reference'. Suppose two experiments are been concurrently performed, collecting the same
data but using different Instrumentation.

y1(xI......x10)
y2(x1.....x10)

The x's are the readings on the first experimenter's instruments and the y's are the readings on the
second experimenter’s set of instruments. Also note that once a physical law is deduced from an exami-
nation of the experimental data,it alone is not enough to describe the phenomenon. What is also
required is a description of the instrumentation used to collect the data. This way if the same phenome-
non is being observed using different instrumentation, inferences can be made by transforming the
readings from one set of instruments to the other. As an example Suppose an experiment is being
performed to measure the interaction between two particles. Seven instruments it is felt should supply
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enough information to determine a summary of the interaction. Six transducers to measure the x, y and
z coordinates of the particles, if a rectangular reference system is chosen and one clock. Note, an entire
array of clocks placed at different points in the coordinate system, it is felt, is not required, as this
would supply to much information as well as lead to calibration problems. So the system can be
thought of as existing in a seven dimensional space, it may be also be possible to obtain a predictive
summary by only having two instruments, one, a transducer to measure the particle separation and a
clock, in which case the problem is only two dimensional. In any case each configuration is regarded
as a distinct point in the 7D or 2D space, which ever is being attempted, and as the measurements
evolve they trace out a path in the space. One approach would be to assume that the permitted paths
follow geodesics in the configuration space. To do this requires imposing a metric on the configuration
space to form a Riemann manifold where neighboring points are related by

AXx; Ax; gi; = dsz, 1=1, 7, j=0, 6, where x; is the reading on the clock.

If the metric g;; can be determined then it is straightforward to calculate the path by using the geodesic
equations. Moreover if the same phenomenon is observed using different instrumentation, i.e. in a

different configuration space, X j,and the transformation is known, i.e. x; (x;) , then the g can be
easily determined and hence geodesics calculated. Imposing a metric on the configuration space does
not imply that the physical background space (PBS) is curved. The PBS does not really exist, only
measurements exist and the relationships between them. In fact we are not placing any restriction on
the kinds of experiments being performed and the observables may not even have anything to do with
the so called PBS. For example each of the observables could be commodity prices just to make the
point, but for the most part, the spirit of this investigation shall be directed at physical phenomenon. In
what follows the observables is assumed to have a Lagrangian description. By considering a certain
class of lagrangians it will be strongly suggested that geodesic motion in configuration spaces is the
dominant one for a wide range of natural phenomenon, not just gravity.\n The concept of a configura-
tion space is not new, and in fact treating all observables as a single point in a multi dimensional space
is implicit in the Lagrangian formulation of mechanics. However the idea of embedding a Riemann
metric on such a multi dimensional space would appear to be a novel one and one which is a focal
point of the analysis presented in this paper. Traditionally when Riemann manifolds have been
employed in mechanics, as in General Relativity (GR), the approach has been to model the background
4 space-time as a Riemann manifold on which particles move and from which observations are taken.
In GR the properties of the manifold are determined from the distribution of the particles, or more
generally the distribution of matter and energy, and each particle is assumed to move along geodesic
paths in the 4D space-time manifold. If a particle does not follow a geodesic, as for example an elec-
tron in an electric field, then the use of a 4D space-time manifold fails to provide a complete descrip-
tion, hence the need for a unified field theory. Approaches to finding such a theory have centered on
extending the number of dimensions that make up the the physical background space and reexpressing
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Einstein's equations of General Relativity in these higher dimensional spaces. Such approaches have
met with varying degrees of success and skepticism alike and have their current incarnation in String
Theory and M Theory. The extra 'physical' dimensions required to bring about unification are curled up
in little hyper spheres and are therefore hidden from everyday observation and participation in experi-
ments.

By regarding all experimental observations as a single point in a multi dimensional Riemann mani-
fold, the interactions and couplings between each of the observables arises naturally by virtue of the
metric coefficients. In the analysis to follow it will be shown that the most natural form (and it is
conjectured but not proven to be the only form) the system's lagrangian can take is that of the distance
element in the multidimensional metric space, and therefore the system evolves so as to trace out the
shortest distance in the Riemann Configuration Space. The metric coefficients are determined by requir-
ing the Lagrangian reproduce Einstein's mass-energy relationship for a single particle and that the
classical lagrangian (T-V) is recovered when all velocities are small when compared to the speed of
light. The 'Distance Element' Lagrangian, in essence, represents what has been traditionally termed, the

Relativistic correction, and it will be shown how it consistently and naturally extends beyond the single
particle case.

m The Distance Element Lagrangian

Consider an experiment with n observables x; and a clock, t and that the evolution of the observables
have a Lagrangian description, L,, the form of which at this point is not known.Also form a metric
space by imposing the metric g;; on the configuration space (x;, Xo =t,1=1,n)

! I’t b = ]‘5 9 ! =
L,[u, x5, t], 1 n,u m
. d (oL, oL, .
Satisfies E[ P ]— 5%, =0,1i=1,n. (1.1)

The u' quantities are the rates of change of each observable with respect to the reading on the
particular clock used in the experiment

AX; At

define Ag = AG[Ax;, At], v = R 20

Here A¢ is a scalar quantity formed by changes in all observables. In this sense, ¢ can be regarded as
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auniversal time variable, the sameinall 'Reference Frames' and independent of the particular
details of an experimental setup

The v' quantities are simply rates of change with respect to universal time and are Covariant vectors with respect to the
Riemann Configuration Space, gj;

define
LV[Vja XJ] = Lu[uia Xi7 t] s 1 = 17 na _] = Oa n s Xo = t.
L, always exists since

i

. \% .
Lu[u17 Xi, t] = Lu[_7 Xi, t]7 1= 17 n
Vo

which = >
oL, ) oL, oL, . oL, oL, oL,
AL, = — Au' + AXj + —= Axg = AL, = — AV' + AV + AX; + Axg
ou' 0X; 0Xo oVt 5v° 0X; 0Xo
Now since
AV = VO Aul + AVO U
then
oL . oL oL oL
AL, = v" == Aut + Jub —=X + —==]AV? + —X Ax; wherei=1,n andk=1,n.
ov' [ vk 6 ] OX;
In general

v0 = vO0 (v, Xj, Xo),

so equating the coefficients of the Au''s and Ax;'
s 1S NOT IMPLIED here. But in what follows the classes
of Ly considered will be such that,

oL, N oL,
ovk Sv°

uk =0 k=1,n

L, ,
or vK oLy _ 0 withk=0,n  (1.2)
5Vk
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which means that,

o oLy oL, .
v - = —,1=1,n
ov' ou'
and that,
oL, oL, .
= 1=0,n.
5Xi (5Xi

Combining equations (1.1), (1.3) and (1.4) yields

d [6L] oL _0 ic1
dg ' svi OXi - -
n \ (1.5)
where L =v°L,.
For the casein whichi=0
d ; 6L oL d -0 oL,
S S S (- ) -
dptsv0 ' 0% dt sul ot
ordly 6L, , 6L, du'  OL, du' 6L, |
=v [ e e e u' -
ot 0X; out dt out dt 0X;
Therefore
d ; L oL
—[=]-=—==0 fori=0, 1.6
i | W] B or i n (1.6)

The case for 1= 0 describes the energy of the system.
A Hamiltonian for the system (1.6) can be defined as

szié—p—
ov'

oLy

(1.3)

(1.4)

] , (usingequations (1.2), (1.3)and (1.4))

] =0 (using equation (1.1)).

ot

which is not the same for the case wheni = 0 in equation (1.6). Hcanbe
thought of as a hyper energy of the system. From equation (2) it can be easily seen that
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. oL
H=v'—-L =0 (1.7)
ov!

H is a scalar and must be identically zero in arbitrary frames of reference, since Lisa

i oL . . :
scalarand v' and F transform as contravariant and covariant vectors respectively
\4
Equation (7) places a restriction on the form of L, namely that

L= yaLin]
n=1
Ln] = (Gi, 4,..i, vivi2 yin-1 Vi“)F (1.8)
is asolution, and is here conjectured to be the most general form which satisfieseq (1.7).

An example of L could be

— o .
L=A4/gjvivi +B6xi V!

in which g;; is the metric tensor and ¥ is a scalar potential and A and B are constants.

The special solution

.o L
L=L[2] =(Gj;Vv'V)*

we refer to as the distance element Lagrangian

Null
Determining A¢
d ;6L oL
—[— - =0 for 1 =0, n.
do ' ovi ' Ox

since Lisascalar function then
Lix;, v =L[x}, v''].

However it is not clear that ,

=0

- (5Xi' -

i[‘m] oL
dg ' sv'i
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In what follows this will be shown to be in fact the case.

Suppose (x;, g;;) forms a metric space, M, so that Ax' Ax] gi = ds? .

pefine the basis vectors e; such that e; Ax' =e; Ax "', e' = g" e; where g istheinverseof gj .

It can be shown that,
(VT Ax] + AvF) g (1.9)
transforms as a vector .

oL . oL .
Also AL = — Av' + — AX! (1.10)
ov' ox'

isascalar.
When Ax' =0, (1.9) = > that Av¥ e, transforms as a vector

which = > thatfrom (1.10) that

oL L
5—7 must transform as a vector also, which inturn = > that
\%

oL

must transform as a scalar for non zero Ax’.

Subtracting (1.11) and (1.10) gives

which transforms as a as scalar which

= > that
oL oL - )
( 5—7 - F \a Fi’jk) e’ will transform as a vector.
X \%
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oL .
pefine P = — e! , the momentum vector, and

ov
oL oL . ~
grad (L) = ( gg — % \a Fi,jk) el.

dp
Then e grad (L) is the same in all coordinate systems and further more

j—;—grad(L)z[% (%)— %]eij (1.12)

which = > that

% (%L?) - % =0 istrueinall coordinate systems since the ¢ are linearly independent
and ﬂ d_ej = —5—L Vil“ljkeJ

Now since L and d¢ are scalers, the the action quantity

p2
A= f Ld¢
pl

is a scalar across all coordinate systems, ie
A=A,
Letus restrict ourselves to the case when the action is stationary , ie when equation (1.6) is true.

Let R’ denote the primed coordinate system and R the unprimed coordinate system

let T[,Bi] represent transformations from R >R,

ie T[8'] : R - R, wherethe ' are independent parameters
which can be varied at will to produce different coordinates systems R.

Suppose for 8 =0, x' - x'and v' > V' is given by T[0],

1.e
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. p2 ] o p2 R, , ,
AlS zo]zf L[S :O,XI,VI]dqb:f Lix,v'd¢ =A
pl pl
and that
ALy SL o dpely S,
do ' svi OXi T de byt 5xi .

Now let the transformation be perturbed by shifting the 8 = 0
by AB' sothat

x5 x + Ax!

and

vio v+ AV

are given by T[AB'] . Under the new transformation the Action
A[AB] = A[0]

since all we are doing is changing the reference
system R and scalar quantities don't care about the details
of the reference system. Like wise

d¢[0] = d [AB']

All taken together implies that

SL 6xi. g L .
0=l5 5w [ ggliate =oll-
p

v 6B, 1 dg " v

SL SL oxi, "

— B =0]d¢ = : , (1.14)
0X; h ¢ [5v1 5B ]pl

Now the approach taken here is that which is typically

employed to prove Noether' s theorem to show conservation laws.

However unlike Noether's theorem we are not restricting
ourselves to any specific reference system e.g. cartesian, or a

specific class of transformations, i.e. translational or rotational . No

restrictions are being placed on the reference system, R,

(1.13)
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or the transformations, T[,Bi].

1

* are arbitrary, the only way for (1.14) to be true is for

Consequently since the -

oL

5vi

2

which = > that from (1.6) that

oL

=0
5Xi

which in turn

=> L=K,
a constant
(1.15)

How can (1.15) be reconciled with (1.8) . The solution is in the choice of A¢.

If
L= yaLin]
n=1

Lin] = (Gj, 4,5 VI V2 vty

then choose

A¢[n] = (G 4,..i, dx'' dx .. . dx"! dx)".
This means that
KM=§%MM
n=1
which = > that
L=K

This gives the form of L, to be
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K A¢ S A¢[l’l] S i .1 1 1 %
Ly Vo AL T A =Z%(Gil,i2 ..... i WU urtun)
n= n=1
where u’ =
1.
(1.16)

Going back to our earlier example but in this case for L, , gives;

— oY .
L, = AvgijuluJ +B6_xiu1

Null

Conservationlaws

Conservation laws can be determined from an

inspection of the lagrangian alone and the approach employed
in Noether's theorem is not required. For example suppose that in a particular reference system the
lagrangian, L, is found to have the property that

L[xg, ... .. , Xg» -+ Xp .- Xp] = L[Xq, ... .. s Xgt A, L Xp+ AL Xy]
then this implies that

oL oL
— et —— =
0Xq 0Xq

which from (1.6) gives

d oL oL
|2+ 20

—|—+
dptovd  ovP
.1.e.a conservation of momentum type law .

What's more,
conservation laws are dependent on the frame of reference in which the lagrangian is inspected

Conservation of energy arises if the L in the above
example is independent of time or if there is a translational invariance
with respectto X, i.e. if
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which again from (1.6) gives,

dt
— =0
[ ]d¢
or51mply,
d
—I[E] =0
dt[ 1=0,
oL
where E = F . (117)
\4
Again let
— oY
L=A4gjvvl +B h.
5Xi

In this case E becomes,

E=A 20 +B (N; -
.. viv] 0X
glJVV
A B0 = Avg (1.18)
gijuluw

C oming back to the conservation of momentum example with the example lagrangian

K
dplove — svP 1

d
A 35 at vy =0 (1.19)

m Newtonian correspondence

Allow a system consisting of n observables to have to have a total potential energy , ® (x;, ..X,, t) and a total Newtonian
kinetic energy, T (u'...u"). The Classical Lagrangian, L, has the form;
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L. =®-T (2.1)

For L, tobeinagreement with L, when the system's velocities are within the domain of everyday observations, the following

form of L, is chosen,

L, = ® 20T (2.2)

- T 2T\
L, =~ L. ifitisassumed that ry ~0 since L, = (ID(I - F) ~0-T=1L, 2.3)

Using L, in Eq(1.18) theenergy, E, of the systemis obtained as,

()
E=——- 2.4

1

(1-3)°

For a free particle of rest mass m and moving with velocity u,

T—1 2 2.5
—zmu (2.5)

If we now assume that the potential energy ® corresponds to the rest mass energy of the particle, ie

®=mc’ (2.6)
then

mc?
E=— (2.8)

whichis the Einstein Energy — velocity relationship.

m Correction to the Newtonian equations of motion

Define

1()‘d 0 0 3.1
cW=% o0 ox '

as the Lagrangian operator .
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le H[Le] =0 3.2)
defines the non Relativistic equations of motion.
However because of the form of L, in eq(2.2), eq(3.2) shouldreceive a modification of the form;
l.()L, =F (3.3)

where F; should be smallunder everyday conditions . In order to quantify F;the following approach

is taken .
Observe that
L2 =L, 2+T? (3.4)
Since 1. (i) isalinear operator then;
LML =1L + L. @) T (3.5)
also for any functional L,

l.)L?> =2L1 (i)L+—a£ ar (3.6)
¢ S dui dt ’

Therefore since I, (i) L, =0

a;l‘; d(Ii“t“ =Ll ()L + % d(ic —(T LT + —Z% %) 3.7
which s the same as
Ll () Le = 0Ly dbu _ OLe dLe +T1@HT + OT 4T (3.8)
ou dt ou dt ou dt
Using the fact that
T=L +&
and that
l.()® =- 9%
0%

means that eq (3.8) simplifies to
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(T -y L= 2 G O dbe oy vy IT T (3.9
cWRT 0 Ta o dt (ke oul dt 7
or
_ oL, dL, L. dL. _9® T dT 9L, dL, OT dT 9T (dT dd o
Ol (L = —— + = +T————=———.————+—(———)+T—
ou dt ou dt ox;  ou dt ou dt ou dt  ou \ dt dt 0%;

oL, dL, oT dT 0T (dT d<I>)+T o
dt dt 6Xi
oL, dL, 0T do T6<I)

(3.10)

(3.10) can be simplified further by exploitingthe relationships

P2 dL, 29 do . .
nd = — —— (as E is a constant of the motion)
L, dt E dt

o ( P2 )
T==|1-—=
2 2
to give;
, T & T g0 1 ) o0 T &
llOLke=——+——==|l- = | —+— — (3.11)
ou @ ® 0x; 2 E2) dx; Ou @
which implies that
1 ) ad 9T
FF=—[1-—%|—+— — (3.12)
2 E2) dx; Ou @
2 i
. dt
Under everyday conditions = 1 and o 7 0

since mostof @ is tied up in the constant rest mass of the system which means that
F,~ 0

Since F; is non conservative then the change to the Newtonian energy defined by,
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20

5, 9L
E. =Zu1 6u? ~L.

canbe computed to give

n do n
dE, . 4@ 4T
LS, =%[T+Zulﬁ] G.14)

i=1 i=1

for the case when

. aT
Zu‘ - = 2T
i=1 au

eq (3.14) becomes

(3.15)

dE,  3TF 3 (1 <I>2)d<I>
T2 E?

a @ CEB2) dt
Galilean Invariance

The above analysis can be repeated for a modification of the
lagrangian L, which makes it invariant with regard to Galilean transformations.
More precisely consider a one dimensional problem, and L, to be of the form;

Ly = y® 20T + c2 P2 (3.16)
where
p- 3 OT 3.17)

B i=1 6ui '

the total Newtonian momentum.

The above analysis can be repeated for the modified form of L, to give

-2 9P (ZP ch>+dP)+F _
o dt  dt o

LML = — —

- 3.18
o ou ( )

whichignores the I (i) P term by assumingthat

(3.13)



compiledtoe.nb

. ()P ~ 0.

Observe that

i oL, 1 ( 2p oP o 6T) P 2“ oP o (3.19)
— ou — L, ou ou L, 4 ou

It is reasonable to assume that

29P
2 — -0 =0 \ 3.20

which therefore implies that

Zn: Ly =0 (3.21)

i
i=1 du

which in turn from the Lagrangian equations yields

5 oL
Z 6): =0

i=1
or that

1 90

— =0 3.22
= 0% 22

ie Ly, and consequently ®, necessarily have the property that they have translational invariance, i.e for arbitrary A,

Lo[xi +A, u']=L,[x,u] ,i=1, n (3.23)

, -2 9P (2P dd dP
To calculate the magnitude of the term, (

o i\ @ + I ), ineq (3.18) it is necessary to explicitly calculate

dp
I interms of P and ®. This can be achieved by noting that

dp il ot - gp (ZP d<I>+dP)+ - 1(1 @2)(9@ LT
_— = 1 = —_— | — —_— — _—_— | — —_— =
dt & z : ® oul @ dt dt z : 2 E2 ) 0x;  ou @

i=1 i=1
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n do

(2Pd<1>+dP) —c? 6P+1( q>2)“aq>+;]7“aT
O dt dt O Jui 2 E2 ) & 0x; ® & oul
i=1 - -
2P dd dpy &
- —(—— — 4 ——) + -4 p (3.24)
o dt dt ()

which can be simplified to read

dP o P do (3.25)
d 20 dt '
Therefore

—c* 9P (213 d<I>+dP)_ —c* 9P (213 do P d<I>)

® oul & dt dt ® Jul
—c> 9P 3P do

=E_ﬁ_2__dt_zo (3.26)

under everyday conditions since

c? 1

2~ s ~0

where M is the total mass of the system . Therefore the inclusion of the ¢? P? term does not cause any significant
departure from the Newtonian approximation To demonstrate Galilean invariance of

L, = ®2-20T + 2P

an ensemble of particles is considered where each of the particles is confined to move in one dimension and it is assumed that
the total potential @ is the sum of the rest mass energies,

Le.,

n
o =c? Z m; (3.27)
i=1

Substituting the Newtonian definitions for T and P, L, becomes,
n

2 n n n 2
1 2 .
Lu2=(1>2—2(I>T+02P2=c4[E mi] —ZCZ[EImi][iEI—Z—miu‘ )+c2 [iglmiul] =

i=1 i=

n n n
2 -
c“Z:mjmi—czzmimjuJ +c22mimju‘uJ =
=1 =l )
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n n
4 o i2 i2 2 AP T
c mjml— mlmju + mlmju +c mmju'w =

i,j=1 i,j=1 i,j=1 i,j=1

n n
4ijmi—c [ZmlmjuJ +Zmlmju —ZZmimju‘uJ)=

i,j=1 i,j=1 i,j=1 i,j=1

ijml - —[Zmlmj(ul—u)]

i,j=1 i,j=1

1 (w-1u)
= ¢ m; ml[l - — 5 ] (3.28)
z : c

i,j=1

Therefore L, can be simplified to read

1 (- ui)
E m; m; 1-——-2— (3.29)
C

Under a Galilean transformation,

Xi' =Xj + Vt

n N 2
1 (HJ—U‘) 1 (uJ—ul)2
mjm; |1 - LI — mJ m; —a =L, (3.30)
ij=1

since

Wou = @+V)- @ +V) =W - u (331)

m Particle Density Theorem and fluid paths.

With a discrete number of observables the path of a system
as it traces out the shortest distance in the configuration space can be
described by x (i, t) which is basically the value of observable x;
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at time t and where 1 is an integer. To elaborate further the path
can be thought of as a mapping

X[t] :N—=>Rr., whereN={1,2,3 ...} 4.1)

ie a mapping which changes continually with t. This
concept can be extended to the case where i is itself continuous, ie

X[t]: s—>R.. where S=[0, 1] 4.2)
By allowing the observable label to become continuous we
can begin to describe the evolution of a continuum of observations. In
the example to follow the system will be a physical fluid confined to
move in two dimensions. Throughout the generalization to three
dimensions will be apparent.
Let

XA, B0, YA, B, 1), (A, f€S*S

describe the path of a two dimensional fluid. So the velocity vector of a particle identified by the pair (A, )) is simply

Ay , t Ay , L
R

For conceptualization each labeling pair (A, ), could be, althoughnotnecessarily, identified with the initial position of the
particles, ie the path could be described as a mapping between where that particles where attime t = ty and where they are
attimet, ie

(X07 YO; t) - (Xta Yta t ) or (X (XOa YOa t)a Y (XOa YOa t))

However with out any loss of generality for the remainder of the analysis to follow we will assume that

A, B eSS

By observing that
1=famdﬁ = | pdXdY 4.4

where

9P 9B

PN
0= Det[ ooy ] 4.5)
0X oY
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suggeststhat p, whichisameasure of the particle number density, i.e the number of particles per unit volume, at time't,
behaves like a conserved quantity and in fact it can be shown that

dp
L 4pVV =0 4.6
a r (0

where

Vz(éx[k,&[j, t] 6Y[)k,6t5, t] )=(VX, v,) 4.7)
5 &
V=(s 57

d
note d—f is the total derivative of p, so it describes the changein p as we follow a point being convected along in the fluid,

ie for a constant (A, )

proof :
e 1 1
X oY
p:Det[ﬁ ﬁ]:w—:—' (48)
6X oY L OB
Det[ s sy ]
oL B
therefore
dp d> ov Y
hod — P o X v
dt AR a 0 ( 5% 5Y )
di&
p 6V, 0L sy, OB sV, 6L 6V, OB
= +— — + — + —— + — 4.9
dt o ( oA X OB 6X oA 6X oB 6X) *.9)
Using the fact that
A sy (S BNy X
X oY | _ _ B B
[ﬁﬂ_ iﬁ’_]_[ﬁ é!] _?[ oY 5X] 10
X oY A B L oL
and that
, 68X oX
dp 0 N 0 (6X oY 0X 6Y)
— = — | Det ==l = - = =
dt ot % Y ot \ oA o o oA
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TSN 0B on op

5B oL 6B on

6X 6Vy 6V, 6Y (60X 6Vy 6V, 6Y
= ( ) @.11)

eq (2) becomes,

1
Uy Lo L ou, B ov, B s, B
dt  p VoA X 6B X  SA X OB 6X
- 1 dp'+ 1 ((WX 0Y X 8Vy 8V, 8Y X (Wy)
o2 d o p2len g e B 9B oL o o)
1 (do dp
= — @ _%_y (4.12)
0 dt dt
ie
¥ ovv=o .13)
a TP T '
Null

m Construction of a modified Electromagnetic Lagrangian from particle
pairs

In what will follow it can be demonstrated that the Lorentz force law and the Maxwell non retarded Electromagnetic Potentials
can be simultaneously generated from a lagrangian constructed from a single interaction energy between particle pairs .
Consider an ensemble of particles, i = 1, n whose positions and velocities are observed with respectto a Cartesian
reference system.
Define the interaction energy between particlesiand j as
Y xi, v, zi, X5, 55, 2) =¥
and that
¥ =Y (5.1)

where (X;, yi, z) and (Xj, yj, zj) are the coordinates of particles i and j respectively

Also define the Kinetic Energy, T;;j, associated with particlesi and j to be
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T___l\Pi,j ) )2 ) )2 ) )2 59
1,1—‘2"0—2((111"'11)) +(V1+VJ) +(W1+WJ)) (5.2)

where (u;, vi, wi) and (uj, vj, w;) are the velocities of particles iand j respectively.

The Classical non Relativistic Lagrangian is then taken to be

n
Leo=®-T = » (¥ -Tiy)  i#] (5.3)
(i.))=1

It can be shown (see appendix A) thatif a Lagrangian, L, has the symmetric form
n
L= Zl(xi,}’i, Zi, Xj, Yi» Zj> Ui, Vi, Wi, Uj, Vj, Wj)
ij=1

n
= >l L=l (5.4)
ij=1

then the equations of motion generated by L are;

d [5Lk] L
dtltou ! oxc
d [6Lk] L
dt b ovy oy,
d 6Lg, oLy
— [ - =X -0 k=1 5.5
dt[éwk 57r = (5-5)
where
n n
L = Zlk,j j#kand L= ZLk \ (5.6)
=1 k=1

Inin the case for L.

1 1
Lc,k = (I)k - 3 my Vk.Vk - Ak.Vk - 5 Gk (5.7)
where
n
D= ) W (5.8)
=1

1 n
my = EZ— E ‘Pk,j (59)
i=1
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1 n
sz gz\}’k’j (sz +Vj2+Wj2) (510)
=1
Vi = (ug , Vie, Wi) (5.11)
Ax = (Axk > Ay, Azk) (5.12)
1 n
A= Z\Pk,j uj (5.13)
=1
1 n
Ay,k = C_2 Z\Pk’j Vj (514)
=1
1 n
Asx = ?:7 Z‘Pk,j Wi (5.15)
=1

By inspectionitis clear that

1
(I)k - ? my Vk.Vk - Ak.Vk (516)

1
will generate the Lorentz force law . Ly departs slightly from @y — 7 my V. Vi — AV due to the inclusion of the

Gy term which is required if the total Lagrangian, L., istobe symmetrical with respect to particle exchange. Also the
potentials @ and Ay are automatically generated by L. and can be interpreted as the discrete version of the non retarded
Electromagnetic potentials. The my potential is to be interpreted as the mass of the particle, k, which leads to the
speculation that massis electromagnetic in origin. Also the reality of mass would suggest, inlight of whathas been
presented here, that the potentials @, and Ay are in fact real entities as opposed to the popularly held view that their
derivatives are the real entities, i.e. the electric and magnetic fields. The new scaler potential, Gy, is generated by the

1
square of the speed of the sources and is considerably smaller than the coulomb potential & due to the - factor. The
c

construction of the lagrangianL, from particle pairs would suggest that the fundamental units of matter are in fact particle
pairs rather than individual particles themselves. This would seem to make sense as treating a particle in isolation

is meaningless unless there is at least one other in order to provide a point of reference. The above analysis can be repeated
fora continuous distribution of observables (see Appendix A — continuous case) or for the case when the set of observables
form a continuum or a ' fluid path'. Suppose that we Define the interaction energy between particles A and

P (X, Yas 20 X, ¥, 28) = o (5.17)
and that
Yop = ¥ (5.18)

where (x), ya, za) and (xg, yg, Zp) are the coordinates of particles A and S respectively.Also define the Kinetic Energy ,
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Ty p , associated with particles A and £ to be

T)L,,B = 5 C2’B ((X)L+X’3)2 + (y/l-i-y’g)z + (Z)L+Zﬁ)2) (519)

where (X, ya, Zy) and (Xg, ¥, Zg) are the velocities of particles A and 8 respectively .The Newtonian non Relativistic
Lagrangian s then taken to be

1 1 1 1 1 1
Le=0o-T =f f f f f f (\I‘M; —TM)LMI dAydAsd By dprdBs (5.20)
1=0J2,=0J2;=0J 8,=0J 8,=0J g3=0

Inthe case for L, aLagrangiandensity, L., can be obtained (see Appendix A — continuous case)

1 1
Lc,)L = (I))L - —2— my V)L.V)L - AA.VA - —2— G,1 (521)

where

1 1 1
v= [ wpapapap
B1=0v =0+ B3=0
1 1 1
= f f f \P/L,dexﬁ dyﬁ JZB (522)
1=0J =0 B5=0

1 1 1 1
m== [ | | wpapapap
C 1=0J =0 B3=0

1 1 1 1 (I)/\
= — Vppdxgdysdzg = — (5.23)
c f,BlO»fﬁzOfﬁ}O g pEIRETE c?
1 1 1 1
Gy =— f f Wop (X5° +Ys + Z5°)dpidprdp
AT 2 Ap\Xp +¥p B 1d B> d b3
© Jpi=0Jp=0Jp;=0
1 1 1
= — Wsp(Xs” +Ys + 257 )dxgdysdzg (524
@ Js-0ds0J 50 A8 P Xp B B pAYpdZp :
V=X, Y Z) (5.25)
Ay = (A Ay, Az (5.26)
1 1 1 1
A= f f ¥ap Vpdpidp,dps
B1=0J By

= f f f YappVpdxgdysdzg (5.27)
1=0B,=0J B3=0
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The subscript, A, canbe dropped and the continuous version of the equations expressed explicitly with respect to
the (x, y, z, t) space. i.¢

B B By
X oY o7
_| B B B
P=l3X s &z
9B By B

o0X oY 0Z

P(x,y,20)= f Y (x,y, 2, X, Yp, 2p) P (Xp, ¥, 2p, ) dxpdypdzg (5.28)
Q
1
m(x,y,z,t)= ) f‘P(x, Ys Z, Xg, Y Z2p) P (X, Y, 2, V) dXpdypdzg (5.29)
Q
1
Gy, z0=— f Y (x, ¥, 7, %, Yp, 28) (X5° + V5" + 78°) p (g, yp. 75, O dxgdypdzg (5.30)
Q
1
AKX, y, 2z, t)= — f‘I’(x, Y, Z, Xg, Y, Zp) I dxgdyg dzg (5.31)
¢ Ja
a 9 b b t
% VNV Y 2 0P Y, 2, D) =0 (5.32)
T
A, = f L. dt (5.33)
0

(Here A, represents the action variable and is not to be confused with the vector potential; A (X, y, z, t))

L. = fl(x, Y, 2z, X, ¥, Z, ) p(X, y, z, )dxdydz (5.34)
Q
1 1 |
1x,y,2 X,¥, 2, t)=(I>——2—mV.V—A.V——2—G=<I> ——z—mV.V—A.V (5.35)
. 1
O =0- EG (5.36)
V=(,v,2) (5.37)

d(al) ol 0
dt \ 0x ax
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d ( 0l ) al 0

dt\dy) oy

d(él) 61_0 (5.38)
dt\9z) oz '
where

Ig = p(Xp, ¥p, 28) Vg (5.39)

is the current density and

Vg =(Xg, ¥, Zp). p(Xg, ¥, Zp) is to be identified with what has been traditionally thought of as the electric charge

density .

Force and momentum

The equations of motion generated by,

d (61) ol _o
dt\ox) ox
d (61) al
dt\ay) ay
d (61) a1
dt \ 9z dz
in vector notation are,
dmv) _ vo 1 ! V'V)+ L oG 92 L Vx(¥xA) = E+ VxB
a 2 ¢ 2 ot -
where
1 V.V 1 0A . 0A »
E= —V<I>(1 -3 = )+ 0 vG - T ~ —-VOb — Ty (for small velocities)
B = vxA (5.42)

In the discrete version of our analysis, if the interaction energy,

Y (Xi, Yis Zi» Xj, Yj» Zj)

has translational invariance with respect to each of the coordinate axis x, y, z

(5.40)

(5.41)
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\P(Xi +AX, yi + AY, Z; + AZ, X +AX, Yj + AY, Z; + AZ) = lI‘(Xi, Yi> Zi» X, Yj, Zj) (543)
for arbitrary AX, AY, AZ, then
Le(xi +AX,yi+ AY,z + AZ, u', v, w',i=1,n) =L, (x, yi, zi,u, v, w,i=1,n) (5.44)

which implies that,

n dL, n
Z aXi =;

n
i=1 =1

oL, oL,
= =0 5.45
ayi Z 621 ( )

1

which from the Euler Lagrangian equations gives

d ¢ oL d oL d W L
dt o ouk  dt o ovk  dt = oWk

=2iZ“:aLc,k=2_Z“:aLc,k=ZiZ“:aLc,k=O (5.46)

This may be expressed in a more compact form as
d n
- D, Vi AY =0 (5.47)
k=1

which can be further simplified by observing that

n n \Ij
DIk
k=1 ¢

=1

n n
mVi= > m Ve (5.48)
k=1

to give

d n
2— VE=0
dtl;mk
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or
d n
— > mVk=0 5.49
o D (5.49)
k=1
which is the conservation of Newtonian momentum

The above analysis can be repeated in an analogous fashion to give the continuous version of eq (5.48);
d

— | pmVdxdydz =0 (5.50)

dt Jo

The quantity p m is the mass per unit volume or the mass density p,, = p m. Since pisaconserved quantity
thenitis easy to show that

d d
—fpmVanadez =fp—(mV)clxdydz =0. (5.51)
dt Jo o dt

In light of the above result we can define the total force, Fy, acting over a
subregion Q to be;

d
Fn*zfp—(mV)dxdydz (5.52)
o dt
then
Fq =0, (5.53)

i.e. the total force on a close system must be zero. Also using the fact that
d

a(mV): E + VxB (5.54)

implies that

Fq =va(E + VxB)dxdydz (5.55)

If the region  is small enough so that the integrand (E + v x B) can be taken outside the integral
while resultingina small loss of accuracy, then

Fy = (E + VxB)fpdxdydz =q(E + VxB) (5.56)
N
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where
q= fpdxdydz (5.57)
a

the total charge contained within Q'

Electromagnetic energy conservation and the Poynting Theorem

The Hamiltonian corresponding to the discrete version of L is

I oL oL oL L oL, oL, oL
HCZLC_Z(uk C‘i‘Vk C-i-Wk C):LC—ZZ uk C’k-i-Vk ok -{—Wk ok
— ouk Ovk OWk 5

oL
Assuming that EC— =0, itiseasy to show that

dH,
dt

=0 (5.59)
using the lagrangian equations of motion

Also —ﬁ can be expanded in terms of L.k toobtaina measure of the energy per particle in the

discrete case and analogously, the energy density in the continuous case

dH,  dLc X d (9L d (9L d (JL.
N ] o PR LA RN LA
dt a4 dt \ guk dt \ gvk dt { gwk

dut AL, dvF ALk dwF aLC,k)

+ +
dt  Juk dt  gvk dt  gwk

L. _x OLgx du®  OLx dv® OLcx dw*  dLex |, 0Lk
+ZZ + + u +

oL,
—_ vE 4+ ok wk
ot

+
5 ouk  dt ovk  dt owk  dt OXx Ok 0z

. d (OLcx d (OLcx d (OLcx
Sl SR () ) -
kzl[“ ar Uawe )77 @ Uaw dt Uawk
du® ALcx  dvd OLex  dw* Lk
—_— + — +
dt  Ouk dt  ovk dt  owk

n

25

d d
L dt

Ol , 0L
k=

—_

5.58
ouk ovk Owk ) (5.58)

c.k Lck
£ o S k) =0
duk avk OWk

(5.60)
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or simply

%kznl(L“k B Talh ki LU (5.61)

If we define

P = Lok = aal_:l;k ot - 65chllk V- %i;i(k W (5.62)

to be the energy per particle, then the total energy E,

n
E= Z Ex (5.63)
k=1
and
€ _y (5.64)
dt '

The analysis can be repeated for the continuous scenario and the corresponding expressions are

E, =1 ol oL, 61'—<1>'+1 V.V (5.65)
1T TR Y Ty Tzt T MY '

the energy per observable or per unit of charge. The total energy, E, is given by
|

E= f(cp +——mV.V)pdxdydz (5.66)

Q 2
where
(cb' rimv.y ) 0

2

is the energy density

It is instructive to examine the rate of change of energy defined by the charge contained in the subregion €.

LetEy be the amount of energy defined by the charge contained in
o1
Eq = f(cp +mV.V)pdxdydz (5.67)
Q

Then
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dEq df(cp'+1 V.V)pdxdyd
= — —mV.

dt dt Jo 2 paxdyaz
f d(<1>'+1 V.V)dxdyd (5.68)
= — —mV. X z :

Q‘p dt 2 y

since pis aconserved quantity

Observe that

d, . 1 d 1 1 d 1 V.V 1 dG

——(cb +—mV.V)=—(<1>——G+—mv.v)=—<1>(1+———)—— =

dt 2 dt 2 2 dt 2 ¢ 2 dt

d 1 V.V 1 dG oV dv 1 V.V V.V, do 1 dG
e s (-3 &+

at A a2 d
d oV 1 V.V db 1 dG d oV 1 V.V 1
Vgl ) -3 ) g - & Vg e )3 =) (G +vwe)- 5 (G +vve
_V(d ((DV)+V(D(1 1 V.V) 1VG)+(1 1 V.V)(‘)(I) 1 0G
T oolde U2 2 2 2 2 2 ) ot 2 ot
_V( 6A+Vx(va))+(l 1 V.V)6<I> 1 9G 6A+(1 1 V.V)6<I> 1 4G
P, 2 2 ) at 2 ot ot 2 ¢ /ot 2 4t
y oA o0 106 oA 02 ('f V-V dG<<c1>) (5.69)
~x~Vo—t+—-= —=x-V.— + — i an .
ot ot 2 0Ot ot ot c?
, 1 0®
Also since polrr + V.A = 0then eq(5.68) becomes
C
d(<1>'+1 VV) v.oA _2ga (5.70)
— — m . ~—V.— — . . .
dt 2 ot ¢
Therefore
dEq z—f(V%+CZVA)dedydz =—f(Ia—A+c2va)dxdydz (5.71)
dt Q' ot ' Q' ot ’ ’

wherel = p V is the current density.

In conclusion judging from the form of eq (5.71) that it is the vector potential which provides the primary
mechanismby which energy is exchanged between different regions of an electromagnetic system. The poynting
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theorem is an in complete statement of energy conservation as it only relates changes in the electromagnetic field
to changesin asystem's kineticenergy, i.e.let T and Ug denote the classical Newtonian kinetic and potential
energies respectively carried by the charge confined to the sub region € so that

1
Tq =L’§mV.Vpdxdydz (5.72)

Uy = f O pdxdydz (5.73)
o

The poynting theorem is easily derived from Maxwell' s equations which are equivalent to the retarded version of eq (5.31)
and eq (5.38) it states that

Ty
dt

=_f(i(E.E+B.B)+v.(ExB))a_7xdydz (5.74)
o 6'{

Therefore from the above analysis

dU o)

P
o —fv(gt-(E.E+B.B)+V.(E><B))dxdydz

A
=—fI.—+c pV.Adxdydz (5.75)
o ot

It is only when we consider the entire system do we get equality between the two expressions for the potential energies , or
more precisely over the entire region ()

dUq P
o —L(E(E.E+B.B)+V.(E><B))dxdydz

dEq dE

=—f(16—A+c2va) dxdydz = —2 ==~ =0 (5.76)
ol ot ’ dt dt i

Retarded Potentials

The non retarded nature of the potentials inherent in eqs (5.28) — (5.31) are due to the way measurements are observed in the
configuration space of observations. In particular in this formulation of mechanics all particle positions are tabulated against
the readings from a single clock, t, which is part of the experimental apparatus employed by the experimenter and which is
in the immediate vicinity of the observer/experimenter. If instead of usinga single clock which is local to the observer, we
use an array of clocks placed at all points in our cartesian reference convention, and all initially synchronized with each other
and to the observer's local clock, to collectively provide a global time, then measurements made against this global
time array will giverise to the retarded formof eq (5.38)and eq (5.31) and hence to Maxwell' s wave equations .

This transition can be made by observing how the charge density obtained froma fluid path defined against the
observer's local time, t, relates to the charge density obtained from a fluid path defined against the global time, t.

let,
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(x[A1, Ag, A3, t], Y[A1, A, A3, t], Z[Ag, Ap, A3, t])

be the fluid path as measured by the observer using the local time t, and let
(X[A1, Az, A3, t], Y AL, Ao, As, £, 2[A, Ao, As, £])
be the fluid path as defined using the global time t. Fora given (1, A, A3) the two points are identical when

P S -

or more formally as a coordinate transformation,

X =X

y=y

Z'ZZ

. X—Xo, Y= Yo, Z— Z

{=to I Xo0s Y~ Yo o (5.78)

c

where c is the speed of light and

(Xos Yo» Zo)

is the location of the observer. In other words whena fluid particleisat (x, y, z) attime t as measured on a clock

positioned at (X, y, z), it willnotbe until time t as measured on the observer's clock that its position will be observed.
This implies that the respective charge densities are related by,

pIx, v, 7, t1= plx, v, 7, t] (5.79)
or

IX_Xoay_YmZ_Zol ]
C

p[xa Ya z, t] = p‘[xy yy z, t— (580)

Substituting p in eq(5.28) —eq(5.31) givesrise to the wave equations for the electromagnetic four potential

Interaction energy and curvature of the configuration space

In the analysis presented above, all of the known Electromagnetic phenomenon can be obtained from a lagrangian based

on a single interaction energy between particles pairs. However at no point in the above presentation was it alluded to

as to what the form of this interaction energy mightassume. It can be demonstrated, at least for a configuration space
consisting of a single pair, that the interaction energy arises from the configuration space having stationary Riemann
curvature . Consider a configuration space consisting of two particles with one particle centered on the origin of a cartesian
reference system. The configurationspace canbe represented by the Riemann metric,
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I 0 0 0

JO0-= 0 0
M=Y¥[x,y, z t 5.81
oy m @y 1 (5.81)

o 0 0 -X

as this corresponds to the complete distance element lagrangian

P2
L=+92-2YT =\/‘I’2——2—(u2 +vZ +w?) (5.82)
c

where (X, y, z) and (u, v, w) are respectively the position and velocity of the free particle
let

RulX,y, z, t]

be the Riemann curvature at (X, y, z, t) in the metric space M, and let

G = Det[M] (5.83)

then solving the variational problem
5IV—G Ry dxdydzdt =0 (5.84)

yields

o’y . o’y . o’y 1 oY
P2x oy  0*z 2 9%t

=0 (5.85)

If it is assumed that ¥ only depends only on the separation between the particles then

v N o’y N o’y
P2x  0y 0%z

=0 (5.86)
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which has the solution

Y= ———Q—— (5.87)

Vx2 +y? + 72
where Q is a constant

in other words ¥ is just the coulomb interaction. More work needs to be done in order to demonstrate that this is true in
the more general case of a space consisting of an arbitrary number of particles and also in the continuous case of a fluid
path, butitis here conjectured that the interaction energy between an arbitrary pair of observables, iand j is

¥ = Q (5.88)

\/(Xi X))+ (- ) + @ -

In summary from this perspective, an electromagnetic system can be viewed as a single point moving on a multi
dimensional Riemann Manifold of least Riemann curvature

m Electromagnetism as a spacetime distortion

The form of eq (5.35) suggests that electromagnetismmay have a direct space time representation, where the underlying
4 D Riemann manifoldis represented by a metric constructed from the four potential. The structure of the lagrangian
density, eq(5.35), and which generates the Lorentz force law, has, at first glance, the appearance of a distance
element ina 4 D space time as described by the following metric

Al A2 A3
¢ -5 -7 -5
Aok 0 o
A2 ¢ (6.1)
-5 0 -5z 0
-A 0o -

Howevereq (5.35) is strictly speaking, not a distance element lagrangian as it does not contain a square root term. In order
to converteq (5.35) to a proper distance elementit has to be assumed that eq (5.35) approximates the lagrangian given by,

L=+¢2-2¢T z(15_”1“:qﬁ——;—gi—V.V—A.V (6.2)

(WhereT = % ;iz V.V + A.V),
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and which is represented by the metric;

¢ —Al -A2 -A3
Al =% 0 0

-A2 0 -2 o
A2 0 o0 -2

M=¢ (6.3)

Therefore in the context of a spacetime representation, the Lorentz force law is to be regarded as nothing more than an
approximationto a geodesic flow inthe spacetime given by eq (6.3). Itin instructive to note thateq (6.2) is devoid of
any reference to the charge density, p, whichwould seem to suggest that even in the absence of charge, the velocity
field is still well defined and has a computable value and would indicate that what we traditionally think of as empty
space or the vacuumis in fact imbued with some kind of flow field which mergesin a seamless fashionand continuously
with the flowof actual charge. The function of charge in this formulation of mechanics serves only to define the field

potentials and to give meaning to what we understand as force, momentum and energy.
Scaler charge density and field equations

eq (5.34) effectively demonstrates that eq (5.40) can be obtained from the action
A= fld)tlcﬂ/lzcﬂ/l3 dt =flp dxdydzdt (6.4)

Q Q
where | is the lagrangian density given by

1 = 1¢VV AV 6.5
= $-5 ZVV -AV, (6.5)

It is desirable to express equation (6.4) in a form whichis Independent of the particular frame of reference in which it
is defined . For this to be possible it is necessary that 1and p have the characteristics of being a scaler and a scaler
density respectively . This can be achieved by conjecturing hat | in this case approximates the distance element

lagrangian;

2
l=\/¢2— %—V.V -2¢A.V. (6.6)
c
and observing that,

dt
A= flcﬂ)tlcﬂkzdlg dt = f(l———)d/\l dAs dAsdt
Q o' dt

= fl'a_ml d\ydAsdt = fl'p'dxdydzah (6.7)
QO (9}

where d 7 is the scaler quantity (more commonly referred to as the proper time in Relativity theory) defined by
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2
dr:dt\/qﬁz—%—V.V—th.V , (6.8)
C
and
1‘—1dt =1 (6.9)
T odr '

and which is therefore a scaler, and

p = — » atruescaler density
v

As it stands that action quantity, eq (6.4), is only capable of generating the geodesic equations, which in this case
approximate the lorentz force law. In order to concurrently generate the field equations, ie Maxwell's equations,

it is necessary to include an extra term which involves higher derivatives in the components of the metric tensor. It is
felt that the most natural route to achieving this is to use the same approach as that described in the Einstein — Hilbert

action, whichis to extend A to include the 4 D curvature, i.e

let
A=f(v—G R +A1p)dxdydzdt (6.10)
Q

where G = Det[M ], R isthe Riemann curvature of the space described by M and A is a constant to be
determined.

If we let g; ; represent the components of M, then employing the Einstein summation convention

I= e vivi = g vy (6.11)
where

o dt dt

h=(= 6.12
o) =( 2. == V). (6.12)

is the four velocity .

Subjecting A to the variational process yields

6A=f(\/—G EN +Apvivi)dg; dxdydzdt (6.13)
Q
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where E™ is the Einstein tensor.

In the particular case of M above, the g;; components are not independent and therefore cannot be flexed independently
whichis why we cannot individually set each of the terms in the integrand to zero. To elaborate further;

£0,0
c2

20 = ¢°, g1 =Zo = G5 =-

Qi =go = —¢A;, i=1273 (6.14)

For the purpose of illuminating the feasibility of this approach the problem will be simplified by neglecting the magnetic
potential, i.e.itwillbe assumed that go; =0 ,i=1,2,3

then the variational problem becomes

: — : )
0=6A=f(\/—G E% 420 () )ogge - (V-G EV +Ap(v1)2)i‘;’°—
Q ' ¢

, 0 , )
~(V=G E** +10 () S00 (V=G E* +1p () 800 yxdydzdt (6.15)

c2 c2
The variation, 6g, is arbitrary whichimplies that
E 1,1 E2,2 E3 3 . ) (Vl )2 (V2)2 (V3 )2
V-G (EO’O——Z——Z———Z—)w\p V) ——— - ——-——|=0 (6.16)
c c c c c c

whichis equivalent to

El,l E2,2 E3,3 1
V-G [EO’O——————— )+Avop(l—g(u2+vz+w2))=

c? c? c?

El’l E2,2 E3,3 1
V=G (EO’O——Z——Z——Z)+A£\/1———(u2 V2 Ew?) =0, 6.17)
c c c ¢ c2
Now based on
1 0 0 0
1
Mo 0-% 0 0
oo =% o0 |
0 0 0 -X

itis straight forward, althoughsomewhattedious, to show that
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ELl E22 33 1( 1 Fo Fo  90) o
m(Eo,o______)z__(6_(cz( )_ )) (6.18)

+ +
c3 i2x  dry 2z 0%t

whichusingeq (6.17), gives

1(6 1 (2((‘32@ +azq> +azq>) azq>))+lp | 1 W +v2 +w2) =0 (6.19)
o (e Ty T e Pt ¢ R '

or

PR N 0o N 0o 1 0°®
ix  dry 0%z ¢z 0%t

A 1 A 1
_Lpe l—— @2 +v2 +w?) ~ pc(l——(u2 +v2 +W2)) (6.20)
6 c? c

if Ais chosen such that

c ) 6
=p, ie. A = — , then
c

fia) . fia) . fia) 1 &0
ix  dry 0%z ¢z 0%t

Q

1
p(l—z—cz—(uz +v? +wz)). 6.21)

Howeverif from the outset we do not impose any particular structure or form on what M should be and allow
each of the metric components, g;j, to be flexed independently and freely atwill, then 6A =0 produces
the following field equations

V-G EY +2p vV =0 (6.22)
or

. Ao ..

Eb = P iyl (6.23)

. Ap .
also take note that the quantity, Al , 1sa scaler]

whichnumberten equations in ten unknownmetric components. Eq (6.23) are basically the Einstein field equations
with the energy — momentum tensor,
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(6.24)

The difference, which is something that will be explored in the following section, however lies in the interpretation

of the components of the metric tensor. In this theory the metric components, to an approximation, are being
identified directly with the entities which define the electromagnetic field which as we have already seen from eq (5.35),
is a viable and workable concept. Emphasis should be placed on the term "approximation', foritis to be asserted

that Maxwell's equations represent only an approximation to equation eq (6.23) and that eq (6.23) represent a

larger domain of phenomenon other than whatcan be described by Maxwell's equations. In fact itis to be inferred
thateq (6.23) is a description of all physical reality, inthatphysicalreality, thatis electromagnetism, gravity

matter and whatever other forces that may manifest themselves at the atomic level, is nothing more thana distortion

of the spacetime continuum .From the field equations, observing that the Einstein tensor is identically divergence free,
the equations of motion are also generated, and incidentally without having to assume geodesic motion, i.e,

(V-G EY +2p vVl );j
=V-G EYj +EYV-Gij+ (pviviyj
=0+0+ (pvivl)j=0 (6.25)

since V-G ;j =0
Perception of spacetime distortion

In the analysis presented in the last section , the viability of physical phenomenon as a disturbance in
spacetime was demonstrated Yet at no point was it explored as to how an experimenter might directly
measure such disturbances and how they might manifest themselves as perceived by an observer. In a
variety of expositions on Riemann Geometry, the scenario isalways given as to how, for examplea
surveyor, armed with only a measuringrod which defines a unit length might determine the metric tensor
describing the characteristics of atwo dimensional surface. Firstly a surveyor does not need a measuring
rod to ascertain the qualitative characteristics of the 2 D surface as he can directly perceive them having
the advantage of existingin a three dimensional space and being able to observe the embedded 2 D surface.

However even if the surveyor was condemned to exist in two dimensions, armed with only a single
measuring rod the quantitative properties of his 2 D flatland could be determined. Firstly a coordinate
system, (X;, X») is established and then, systematically the end points of the measuring rod are always
claimed to be the same distance apart, which for convenience canbe chosen to be one, regardless of
where on the surface the rod is placed and regardless of its orientation. So

1=gi; (x1, %) Ax® + 215 (X1, X2) AX| Axy + g2 (X1, X2) Axy” g2 (6.26)
where (Ax; AXx,) are the differences in the coordinates of the end points of the measuring rod which has one
of its end points placed at (x;, ;). The surveyor would then rotate the rod about (x;, X;) to obtain several
pairs of (Ax; Axy) ,

(Ax)', Ax;)), i=1,n

to provide a set of equations
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) . . ) .
1 =g (X1, %) (A1) "+ 2815 (X1, X2) (AX1") (AX2") + 22 (X1, X2) (AXy") g , i=1,1, (6.27)

which could be used to produce a good estimate for

X1, X X1, X

(gl,l( 1, X2) g2 (X 2)). 6.28)
g12 (X1, X2) g2 (X1, X2)

The process is then repeated may times at different points until the entire surface has been covered . This process

will provide a numerical description of the properties of the surface, from which the curvature can be calculated

and whichis independent of the choice of coordinate system. However the question still remains as to how a curved

2 D surface mightbe perceived by a flatlander. The answer to this question lies in the choice of the coordinate

system. In the mind of a flatlander a cartesian convention is alwaysused, thatisthe mental model used to project

and imagine space is a flat Euclidean plane, regardless of how curved the space itreallyis, the pointsin which can

be addressed with the use of two virtual perpendicular axis's .. Experimentally sucha coordinate system could be
constructed using the following procedure. The surveyor remains in one position, point A, and employs an assistant

ata neighboring point, point B, and whichis ata knownleast distance from point A according to the measuringrod which

defines a unit of distance. In order to address the points inthe space, each surveyor measures the angle between the
particular point being observed and the observed position of his colleague, providing two angles, (@, a;) . Then

employing a Euclidean convention (triangulation), the mental model of the observer, and the distance between A and B,

the cartesian coordinates (X, y) of the observed point are calculated .. It has to be emphasized that using a Euclidean

convention to construct such a coordinate systemno way provides any information as to whether the space really is

Euclidean ornot, it simply provides a convenient and intuitive device to map the points on the surface which corresponds

to the mental model of the observer. The procedure to calculate the metric tensor can be implemented by employinga

third assistant to move around the space placing the measuringrod at different positions and in different orientations,

while at each instant the coordinates of the endpoints are observed by surveyors A and B .The displacements of

the endpoints (Ax, Ay), are thenused to calculate the metric tensor by asserting that the measuring rod is always of unit
length. i.e

1= gox (6 V) A + 285y (%, y) AX Ay +gyy (x, y) AY? (6.29)
Generally speaking the apparent length, d = Ax* + Ay?, willnot be equal to one, i.e,
d+1

In other words the main qualifying feature of a departure of the surface from a flaplane will be perceived by a flatlander

as the apparent stretching or contraction of the measuringrod, the standard unit of length. Inthe same fashion a departure
froma flat Euclidean space in a three dimensional world , our world, would manifestitself asthe contraction or stretching
of objects. Experimentally distance is a well defined concept in that the distance between two points is a measure of the
least number of identical measuringrods needed to span the two points. Utilizing this notion provides a concrete means

of identifyingthe distortion of objects as stress's and strains. Imagine a configuration of three identical measuringrods
arranged such thatthey form a triangle, and then picture the triangle being moved to a region of space where the metric
tensor dictated that the distances between the vertices of the triangle wereno longer equal, i.e. the number of measuring
rods needed to span each pair of vertices wasno longer one in all cases. The implication here would be that the triangle
could no longer exist in its original configuration in this new region of space, which meantthatat some point during
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its journey it would have to break hence establishing the presence of a force whichis justa manifestationof the space's non

Euclidean nature. At this pointemphasis should be placed onthe factthatthe measuring rods are not abstract entities

butreal physical objects. It should be emphasized thatin orderto be able to define 3 D space as a real physical entity,

the behavior of a measuringrod should be independent of the material from which it is constructed in the limit that the

material itself does not significantly contribute or alter the quantitative properties of the space. So for example a measuring

rod constructed from steel would exhibit the same behavior in terms of stretching or contracting as a rod made from copper.
Otherwise t would be difficult to assign any physical meaning or definition to the real nature of space since it

could be argued that the behavior of the measuringrods was more attributable to their constituents rather than

having anythingto do with a non Euclidean space. In order to extend these ideas to a four dimensional world of time

and space wemust firstrigorously define whata spacetimeis and how it can be quantified fromthe viewpoint of

practical experiment. A spacetime event (X, y, z, t) will simply be defined as the point (x, y, z) being observed

attime t, where t is registered by a single clock in the locality of the experimenter. The 3 D points are mapped using

the same procedure described above, i.e. unitizing surveyors and a Euclidean convention. The 4 D distance elementis

3 3
As® = £0,0 A + 22 2o AtAx; + Z i AX; AXJ' (6.30)

i=1 ij=1

where

(X1, X2, X3) = (X, Y, 2).

For At =0, Asispure space like which allowsthe ( gj,1=1,3, j=1, 3) componentsto be calculated
in the manner described above , that is using a measuringrod to calibrate the metric components over the entire 3 D region.
Since the components need to be calibrated instantly at time t then to be practical many observations using many
measuringrods would need to be taken simultaneously. For Ax; = 0, Asispure time like and

As® = goo At (6.30.1)

Given equation ( 6.30.1), the question becomes how can gy (X, y, z, t) be measured . A measuringrod cannot be
used as spatial length does not have meaningin this context. Instead of a measuring rod what must be used is the
tick of a clock to define a standard unit of time. For convenience it can be assumed and without loss of generality
that the observer is located atthe origin of the coordinate system, the construction of which has been described
above.

Let
200(0,0,0,1) = g V(631
be the value of g at the origin at time t as registered by a clock in the locality of the experimenter, or for clarity,
aclock whichis located at the origin. Lett be thetime registered by a clock whichis identical to, and has been

synchronized with the clock located at the origin and which has been then subsequently relocated to (x, y, z).
The hypothesisto be adopted here is that

AS = goo AL (6.32)
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In other words the clock identical to the experimenter's origin clock and which is then sent to (x, y, z) is to be
employed in the same analogous capacity for determining the time like quantity, go (X, y, z, t), asthe measuring
rod was for determining the pure space like quantities , ( gij,1=1,3, j=1,3). Therefore

200 A = 200 A (6.33)

or

At

L (6.34)

At 20,0

indicating that the clocks will run at different rates depending on the ratio @,— . go,o' At'2 defines a standard time
£0.,0

like length which can be used to calculate the relative value of go (X, y, z, t) atall pointsin the 4 D space.
It is the ratio of the observed clock rates which allow for the measurement of _io,_o' f during the course of
0,0

experiments the observer finds the result to be independent of the physical character and design of the clocks, thenit
isto be concluded inall probability that timeisareal physicalentity, since it could otherwise be argued that the results
were due to spurious interference effects caused by the differencesin the potentials, gy, and go,o' , onthe rhythmof the
clocks and which varied depending on the clocks particular construction rather than been the result of areal, yet intangible
temporal property of the universe. Unlike Relativity theory where time dilation and length distortion are regarded as
predictions of the theory, in this exposition they are to be viewed as the primary physical phenomenon which are
directly unitized by an experimenter to uniquely infer the components of the metric tensor. In fact there are no other means

by which the metric tensor can be measured, and should they not exist then spacetime would be strictly Euclidean and
devoid of all the rich and varied structures which make the universe the way it is.

Velocity induced time dilation and fluid paths
Consider a fluid Path
(x[A1, A2, Az, t], y[AL, Ag, A, t, 2[4, Ag, A3, t])

If for the momentit is assumed that the metric tensor, g;;, inthe (X, y, z, t) space is knownthen since a fluid path
is effectively atransformation fromone coordinate system, the (A, A5, A3, t) space, toanother, the (X, y, z, t)
space, then itis possibleto calculate the metric tensor in the particle labeling space, (A;, A;, A3, t), and whichwill
be denoted by G;; . The distance elements in both spaces are identical so

3 3
As? = £0,0 At + 2 Z i AtAX; + Z i AX; AXJ'
i1 =1

3 3
= Goo AP + 22 Go;j AtAL; + Z Gij AL; A) (6.35)
i=1 ij=1

where
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(X1, X2, X3) = (X, , 2).

GolA1, A2, A3, t] can be calculated by utilizing the particular displacement where Ad; = 0.1.e

3 3
£0,0 Atz + 2 Z £0.i At AXi + Z £, AXi AXJ' = G0,0 Atz (636)
i=1 i,j=1

in which case

AXi

i

— u 5
At

the velocity of the fluid particle labeled by (A1, A2, 13). So

3 3
2oy, 2t +2) gl y,z i + ) [y ztduu = Goolh, A, A, ] (637)
i=1 i,j=1

Goyo 20,0
The ratio — can be determined in a similar manner as described above in which the ratio —— is determined

Go,o 0.0

At .
by comparing the ratio , e of observed clock intervals between a clock , t , fixed at (x, y, z) and an identical

observer's clock, t, located at the origin. Go,o' is the value of the time like quantity at the observers location in
the (A1, Ay, A3) space. However the difference in this scenario is that the test clock, t', inthe (A;, A2, A3) space
must be fixed at the particular location identified by the particular (A, A,, A3) withrespect to the labeling space,

. At
in other words the (A1, A, A3) coordinates of the testclock, t are fixed since AA; = 0 . So the ratio v compares

the time intervals between a clock being convected alongin the fluid path and the experimenter's local clock.

At G
- 00 (6.38)
At Goyo

£0,0

If we examine the particular scenario where go; = 0and g; = - — > then eq (6.38) simplifiesto
c

At V.V
A & (1- ) (6.39)
At Goyo

whereV=', i=1,2,3)

eq ((6.39)) combines the respective predictions of Special and General Relativity in thata moving clock ticks slower
and a clock in a higher potential will tick faster.



compiledtoe.nb

50

m Appendix A

Discrete case

Suppose

n n
L=Zl(xi,Yi,Zi,Xj,Yj,Zj,lli,Vi,Wi,uj,Vj,Wj) =Zli,j

Lj=1

and that

Lij=lji

Lj=1

Then the Euler Lagrange equations generated by L are,

d oL, oLy d oLy, oL

alon "o =0 wlon 5y

where

n n
Lk:zlk,j jqf:kand L=ZLk
j=1 k=1

proof :
n
oL _: :((ﬂi,j ouy; N (5114 ('5uj
6uk a 5111 5111( 6uj 6111(
=1
5 Ol

= 5uk

L) LI
o Ok

d - oL oL
IR PN
dt ' owy 07y

n
Shij . ol
= —_ (51(1 + — 5kJ
5111 6uj
i,j=1

5 Ol
e 5uk ) 6uk

(A.1)
(A2)
(A 3)
(A 4)
(A.5)

since i j = lj, and thesubstitution, i — j, does not alter the meaning of the summation

Similarly it is easy to show that
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SL 5Ly
o Xk o Xk

(A.6)

Therefore

d oLk

(E[auk]_ oxe Su T T A-D

6Lk)_ dol) oL
a dt ' ouy 0Xk

i[ﬁ]_ OLi
dt 6111( 6Xk

the proofs for

i[ﬁ]_ OLi
dt " ovg Oyy

and —[—]-—=0 (A.8)

are obtained in the same way
Continuous case ( 1 dimensional)

Suppose

1 1
sz f hpd\dp (A .9)
1=0Jg=0

such that
l)L,ﬂ = llﬁ',/l

where

1/1,,3 = X[Aa t]a > X[ﬁa t]a o

sx[A, t] X[, t] (A .10)
ot ot |

and X[A, t] describes the path of a fluid in one dimension,
Then the Euler — Lagrange Equations generated by the continuous version of L are; (A.1D)

d 6Ly, oL,

EI[(SXA (5X,1
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where

1 1
L)L = f lh,ﬁdﬂ and L= f L,\ dA
=0 A=0

proof :

Define the Action , A, as

T T Al pl
=f Ldt = f f f LygdAdp dt
0 0 Ja=0Jp=0

\ \ \ (A.12)

(A .13)

(A.14)

The equations of motion are defined such that the action is a minimumie

S.t
6A=0

.Therefore

Sl
0= ff f 5lkﬁdkdﬂdt—ff f (
A=0Jp=0 1=0Jp=0\ Xy

0xX) + —.5X/1+—’(5X’3

g Sl
6 5Xﬁ

Sl p sl oy o, Ol
L (2 2o anapann [ [ (220 22 o atna -
=0 (5X,1 (5X,1 A=0J =0 6xﬁ (5X'3
ol (51 ol ol
ff f ( T v+ 2 (m)cmcwduff f ( Mok, + —F 6xl)d,8d/\ dt =
0 Ja=0Jp=0\ 0Xy T ox Xy 0 Jp=0Ja=o\ 0xy 0 Xy

Tl Slip Slg
2ff f ( 5;L+—5X;L)dkdﬁdt
0 Ja=0Jp=0\ Xy 0

Aand B, inthesecond integral and using the fact that I g
where

§xy = 6x[A, t]
6xg = 0x[, ]
, sX[A, t]) 6 .
5X) = 5(—&—) 5 — (6X[A, t]) = (x»)
sxX[ B, t § .
6xp = 5[—L§—]] = (6X[B, t]) = (6xp)

Therefore

(A.15)

(by interchanging the dummy variables ,

=1g)

ol g
+ —L2 5x5 |dAdp dt =
5Xﬁ
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Tl el Sls
0A=0 = fo f (——— oxXy + —— 6X’)L)dldﬂdt =
0 Ja=odp=0\ %) Pl

T 1 (SL/1 (sL,\ . T A1
2ff (—5xk+—.—6xk)dkdt =25ff Ly dA dt
0 Ja=o' 0xy 0 Xy 0 Ja=o

ie

T pl
O=6(ff L;Ld/\clt)
0 Ja=0

which implies the Euler — Lagrange Equations;

i[é_h_]_&
dt 6)(/1 6X/1

Continuous case ( 3 dimensional)

The above analysis can be extended along the same lines in
a straightforward way to the case where the fluid path is three dimensional

Le. if

(A.16)

(A .17)

(A.18)

L=
1 1 1 1 1 1 §X[A1, Ao, A3, t sX[B1, B, B3. t
f f f f f f I[X[Al’al’ Az, tl, A1, A, 43, ],X[ﬂl,ﬂz, B, tl, LB1, B2, B3 ]’
1=0 =0 o S0 Jpu0 Jpico 5t 5

SY[Aq, Ao, A3, t sY[B1, Ba, B, t]
Y[A1, Az, A3, t, A, &2, 3 ],Y[ﬂl,ﬂzaﬁs,t], p ,’;t,,@ RES
57IA1, A, A, t 5 (
200, o, 1, AR T L ap oot ['Blﬂﬁ&% Bs. tl
dAdAydAsd B dB,dBs (A .19)
then
d[éLA] oLy
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where in this case
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