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Abstract: In physics the application of Riemann manifolds and the corresponding analytical apparatus is for the most part 
identified with the General Theory of Relativity and the light speed preserving space-time coordinate systems which place 
restrictions on the form of the metric, i.e. only transformations which preserve the speed of light are considered, and the 
spaces considered are 4D. 3 space and one time. In Non-relativistic theories i.e., classical or Newtonian mechanics, 
Riemann manifolds are confined to 3 space dimensions and the time is considered separate. The cited reason for this is 
that in general an arbitrary space time transformation from one coordinate system to another will not preserve the speed 
of light. This  maybe the case, but it should not prevent a non light speed preserving metric from expressing an equation of 
motion, for what is a geodesic in one coordinate system is also a geodesic in any other coordinate system, even those 
which do not preserve the speed of light.  Realizing this key point allows the full power of the Riemann metric to be 
exploited. In Relativity Theory the metric is restricted so that the speed of light is always the same, and only 
transformations between such metrics are allowable. In this paper no such restrictions are imposed, an arbitrary 
transformation from one reference system to another gives rise to a new metric in which perfectly valid equations of 
motion are obtained. The requirement of Lorentz invariance is only motivated as the theory is developed, especially with 
the invocation of the concept of a fluid path to describe an infinite set of variables and for the need to remove ambiguity 
from the field equations which inevitably emerge. More precisely It is the adoption of the requirement that the Harmonic 
Gauge be satisfied which replaces and subsumes the role of the hypothesis of Lorentz invariance in relativity theory. 
However it is also apparent that even the requirement of Lorentz invariance is unnecessary as the governing equations are 
invariant with respect to the more general case defined by  any linear transformation between frames of reference, and in 
particular for the case of a  Galilean transformation. 

 

 

1.  General Condition For Lagrangian Covariance 

Consider an experiment with   observables    ,and a clock,  , and that the evolution of the 

observables have a Lagrangian description,   , the form of which at this point is not known.  

Therefore 

    
                     

   
  

                                                   



satisfies; 
 

  
 
   
   

  
   
   

                                                       

 

The    quantities are the rates of change of each observable with respect to the reading on the 

particular clock used in the experiment. Now define    and    as 
 

               
  

   
  

            
  

  
                 

which means we can write 
 

                                                                                 
 
Here    is a scalar quantity formed by changes in all observables. In this sense   can be regarded as 
a universal time variable which is the same in all ' Reference Frames' and independent of the 

particular details of an experimental setup. The   quantities are simply rates of change with respect 
to universal time. Define; 
 

     
           

                                        

 

   always exists since we can construct;     
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       .  (1.6) 

 
A first order Taylor expansion applied to both sides of Eq (1.5) yields; 
 

    
   
   

    
   
   

    
   
   

       

 
   
   

    
   
   

    
   
   

   

 
   
   

                                                                      

 

Since,                           , then; 
 

      
   
   

    
   
   

       
   
   

 
   
   

    

 
   
   

                                                           

 

In general,               , so equating the coefficients of each      and each      is not implied. 
However in what follows the classes of    considered will be such that Eq (1.8) is satisfied by the 
following equalities; 
 

  
   
   

 
   
   

                                                                                  

 

  
   
   

 
   
   

                                                                                                      

 
   
   

 
   
   

                                                                                                             

 



For simplicity Eq (1.9) can be restated as; 
 

  
   
   

                                                                                                

 
Combining Eq (1.2), Eq (1.10) and Eq (1.11) and defining        yields; 
 

 

  
 
  

   
  

  

   
                                                                                                   

 
For the particular case in which      and employing Eq (1.10), Eq (1.11) and Eq (1.12) we have the 
result; 
 

 

  
 
  

   
  

  

   
    

 

  
    

   
   

    
   
  

                                             

 
Utilizing Eq (1.2) we then have; 
 
 
 
 

   
 

  
    

   
   

    
   
  

   

   
   
  

 
   
   

   
   
   

   

  
 
   
   

   

  
 
   
   

   
   
  

 

                                                                                                         
 
In summary we therefore have the result that 
 

 

  
 
  

   
  

  

   
                                                                                        

 
From Eq (1.12) it is apparent that it is equivalent to; 
 

  
  

   
                                                                             

 
Eq (1.17) places certain constraints on the form of  , namely that    can only be a linear combination 
of the following forms,        ; 
 

                   
           

 
                                    

                                             
 
and such that            is symmetric with respect to any permutation of the indices;           , 

i.e. such that                         :{                        , we have the condition 
that;                                                               

 
Consequently    can only be a linear combination of the following;  
 



                    
           

 
               

                                                                                       

 
Note also that     is defined as unity. So for example,  
 

              
                                                                                                            

in which          . The special case,        , will be henceforth referred to as the ‘distance 

element lagrangian’ because of its quadratic form and symmetry of the      .  

 
If for any coordinate transformation,     

 , we construct the quantities     and     such that 

     
    

 
        

   and        
                 , then it’s necessarily the case that the 

following is true: 
 

 

   
 
   

   
   

   

   
 
                                                                                     

Proof: 

   

   
  

  

   
   

   
  

  

   
 

   
  

   

   
  

    
  

   
   

   
   

  
  

   
   

   
                   

 
 

   
 
   

   
   

 

  
 
  

   
   

   
   

 

  
 
  

   
 
   

   
  

  

   
 

  
 
   

   
   

 

  
 
  

   
 
   

   
  

  

   
 

   
 
   

   
  

 
 

  
 
  

   
 
   

   
  

  

   
    

   
    

  
                                                                   

 

   

   
 
 

  

   

   

   
 
 

  

   
   

   
 
 

  

   

   

   
 
 

  

   
 

   
  

   

   
  

   

 
  

   

   

   
 
 

  

   
    

   
    

  
                                                                             

 
hence 
 

 

   
 
   

   
   

   

   
 
  

 

  
 
  

   
  

  

   
 
   

   
 
                                                           

 
One could also consider the simpler approach that both Eq (1.16)  and Eq (1.25) are both 
simultaneously  the result of  the least action principle applied to the action  , defined by;  

    
  
  

      
  

 

  
      

 
 

2. The Point Particle Density Theorem and Fluid Paths 

With a discrete number of observables the evolution of a system as it traces out a path in a 

configuration space can be described by        ,which is basically the value of observable    at time 

  and were   is an integer. To further elaborate, the path can be thought of as a mapping; 

 
                                                                                                



 
i.e. a mapping from a finite countable set , , of  positive integers to the Real number line and which 
is parameterized by the continuous real variable  . This concept can be extended to the case in 
which   is itself a continuous real variable, i.e. 
 

                                                                                                             
 
By allowing the observable label to become continuous we can begin to describe the evolution of a 
continuum of observations. In the example to follow the system will be a physical fluid confined to 
move in two dimensions. Throughout the generalization to three dimensions will be apparent. Let 
 

                                                                                                    
 
describe the path of a two dimensional fluid. So the velocity vector of a point particle identified by 
the pair       is simply; 
 

 
         

  
 
         

  
                                                                                                          

 
For clarification a point particle describes an abstract particle of zero volume. For conceptualization 
each labelling pair      , could be, although not necessarily, identified with the initial position of the 
particles, i.e. the path could be described as a mapping between where those particles where at 
time         and where they are at time  , i.e. the fluid path could be described as; 
 

                                                                                                                     
 
However without any loss of generality for the remainder of the analysis to follow we will assume 
that; 

                                                                               
By observing that; 
 

                                                                        

in which  

      

 

 
 

  

  

  

  
  

  

  

   

 
 
                                                                 

 
suggests that   , which is a measure of the particle number density , i.e. the number of particles per 
unit volume, at time  , behaves like a conserved quantity and in fact it can be shown that; 
 

   

  
                                                                      

with  
 

   
         

  
 
         

  
                               

 

   
 

  
 
 

  
                                                                  



 

Note 
   

  
   is the total derivative of   , so it describes the change in    as we follow a point being 

transported along in the fluid, i.e. for a fixed (    . i.e. 
          

  
 

          

  
 

 
Proof: 
 

      

 

 
 

  

  

  

  
  

  

  

   

 
 
 

 

    

  
  

  
  

  
  

  
  

 

 
 

   
                                               

Therefore; 

   

  
       

 
 
   

  
 

 

   
 
     

  
 
     

  
 

 
 
 
   

  
 

 

   
 
     

  

  

  
 
     

  

  

  
 
     

  

  

  
 
     

  

  

  
            

Using the fact that; 

 

 
 

  

  

  

  
  

  

  

   

 
 
 

 

 
 

  

  

  

  
  

  

  

   

 
 

  

 
 

   

 

 

  

  
 
  

  

 
  

  

  

   

                                    

and that 

    

  
 

 

  

 

  
 
   

 

 
 

  

  

  

  
  

  

  

   

 
 

 

  
 
 

 

  
 
  

  

  

  
 
  

  

  

  
 

 
  

  

     

  
 
  

  

     

  
  

  

  

     

  
 
  

  

     

  
                 

 
means that  Eq (2.13) becomes; 
 

 
 
   

  
 

 

   
 
     

  

  

  
 
     

  

  

  
 
     

  

  

  
 
     

  

  

  
 

  
 

    
    

  
 

 

    
 
     

  

  

  
 
  

  

     

  
 
     

  

  

  
 
  

  

     

  
 

 
 

    
 
    

  
 
    

  
                                                                                    

i.e. 
          

  
       

          

  
                                         

 
 
 



 

3. Lagrangian Densities and the Fluid Path 

In order to describe the evolution of an infinite number of observables in the form of a 3-D fluid Path 

described by       , we will have     assume the role of a lagrangian density to form a global 

lagragian,        , and action,  , such that;   

                                                         
   
  

 
   
  

 
   
  

               

                                                                                                                                         
and 

            

                                                  
   
  

 
   
  

 
   
  

            

     
                       

 
Note how the labelling space of the fluid path has been employed to form the background space in 
defining the above quantities. This is a departure from the conventional approach, for instance in 
field theories, in which the physical space traditionally provided this role. 
  
Subjecting   to the variational  procedure such that; 
 

              
 
 
directly yields the equation of motion for the fluid path, i.e.; 
 

 

  
 
   
   

  
   
   

                         
   
  

         

 
It’s also interesting to observe that; 
 

      
                                                  

  
  

  
          

 
If   is defined as a scalar then    becomes a proper scalar density. Furthermore as per the analysis in 
the previous section applied to the special case of a 4-D space-time, it follows that by imposing the 
constraint that; 
 

  
  

   
                                                    

 
and combining with Eq (3.4), produces the covariant expression; 
 
  

 

  
 
  

   
  

  

   
                                       

  

  
          

 



As in section 1 the form of   is given by any linear combination of the forms described by Eq (1.19). 
However in what remains of this analysis we will confine ourselves to the forms given by;  
 

        
                                                

or equivalently by; 
 

         
                                                

  
For the remainder of the analysis since we are dealing with lagrangian densities and for this reason 
we will refer to     simply as, i.e.     . Flexing the fluid path such that the action defined by Eq 
(3.1) is minimized then yields the equations of motion, Eq (3.4), which defines the fluid path such 
that the action achieves a minimum. However the restriction with this formulation is that it says 
nothing about how one would go about calculating the values of the      if we are restricting the 

form of    to be given by Eq (3.9).  An alternative formulation exists which not only generates the 
required equations of motion given by Eq (3.4), but which also has the added benefit of yielding field 
equations  for defining the     , as well as simultaneously implying the existence of the conservation 

of ‘point particle number’ in the context of a fluid path as described by Eq (2.3).  
 
The approach is to define an action similar to the Einstein-Hilbert action which produces the field 
equations in General Relativity, and then flex the space-time metric defined by      to produce a 

least action while at the same time maintaining the fluid path, and by association the particle 
number density, to be fixed: 
 

For a given fluid path,                              , and         
   , define the action 

  as  
 

                                               

 
in which   is a coupling constant to be determined and   and   are the curvature scalar and metric 

determinant respectively, corresponding to the space-time metric defined by     . For clarity, the    

and     is the velocity field and particle number density respectively, corresponding to the fluid path 

       which as stated above will be held fixed as the metric components are flexed. 

 

   
 

  
                      

 
As is demonstrated in many texts on General Relativity, it is straightforward, although somewhat 
tedious to show that; 
 

                                                        

 

in which      refers to the Einstein Tensor. 
 
Since the       are arbitrary then it follows that      implies that; 

 



         
  

 
                         

 
which in turn can be written more elegantly as 
 

      
  

      
                  

or simply 
 

                          
                
 

where    
  

      
,   is  a scalar which will be referred to as the proper density. Multiplying both 

sides of Eq (3.15) by     and contracting with respect to   gives; 
 

  
                       

 

Note from the ‘divergence free’ property of the Einstein Tensor,      , that;  
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By defining  

  
          

                 
    

    
               

  
means that  Eq (3.18) becomes  
 

  
               

    
        

                

 
Assuming that generally   
 

              
                                           

    
implies that  

                                           

 
Eq (3.22) describes a geodesic vector field which is equivalent to the four velocity vector field 
described by Eq (3.7) provided that the condition            is satisfied. Without loss of  
generality it will be convenient to set    . It follows then from Eq (3.14) that; 
 

  
  

     
                             

   Since  

          
    

 

  
       

               

then it must be the case that; 
 



             
                          

It’s important to observe that Eq (3.25) is not a trivial result since the form of    was never assumed 
to have the form of a distance element on the manifold defined by the metric,     .  

 
 

Conservation of    From a Consideration of the Field Equations. In what follows the conservative 
nature of    will be demonstrated directly from a consideration of the field equations and without 
having to revert to concepts of a fluid path as described in the Point Particle Density Theorem. 
 
From the fact that;  
 

         
  
                         

Eq (3.22) implies that therefore 
 

      
  
                                   

 
Expanding the covariant derivative in Eq (3.27)  in terms of   , yields 
 

      
  
       

  
         

 
  

     

   
 
  

 
     

   
    
 
 
      

  
               

  

  
 
    

   
    
 

             
Using the fact that, 

       
  
      

  
        

                       

gives after  substituting in Eq (3.28), 
 

      
  
                 

 

  
 
     

   
    
 
 

 

   
        

  
          

 
       

   

 
 

   
        

  
          

 
       

                        

 
(In the last step we used the symmetry of the Affine Connections in the lower indices) Since     and  
  are simply dummy summation indices, then it is clear that; 
 

      
 
       

                  

 
which from Eq (3.30) gives the final result that; 
 

       
  
                     

      
 
or simply expressed employing  the more familiar vector notation, 
 

   

  
                      

   
and which is in agreement with Eq (2.17). 



 

 

4. Perception of Space-Time Distortion 

In the analysis presented in the last section, the viability of physical phenomenon as a disturbance in 
Space-Time was demonstrated. Yet at no point was it explored as to how an experimenter might 
directly measure such disturbances and how they might manifest themselves as perceived by an 
observer. In a variety of expositions on Riemann Geometry , the scenario is always given as to how, 
for example a surveyor, armed with only a measuring rod which defines a unit length might 
determine the metric tensor describing the characteristics of a two dimensional surface. Firstly a 
surveyor does not need a measuring rod to ascertain the qualitative characteristics of the 2-D 
surface as he can directly perceive them having the advantage of existing in a three dimensional 
space and being able to observe the embedded 2-D surface. However even if the surveyor was 
condemned to exist in two dimensions, armed with only a single measuring rod the quantitative 
properties of his 2-D flatland could be determined. Firstly a coordinate system,         is 
established and then, systematically the end points of the measuring rod are always claimed to be 
the same distance apart, which for convenience and without loss of generality can be chosen to be 
unity, regardless of where on the surface the rod is placed and regardless of its orientation. So 
 

                
                                   

           
  
 
where           are the differences in the coordinates of the end points of the measuring rod 
which has one of its end points placed at        . The surveyor would then rotate the rod about 
        to obtain several pairs of          ; 
 

    
     

 
                          

  

to provide a set of equations; 
 

                 
                    

      
                  

  
 
                  

 
which could be used to provide an estimate for; 
 

 
                      

                      
              

The process is then repeated many times at different points until the entire surface has been 
covered. This process will provide a numerical description of the properties of the surface, from 
which the curvature can be calculated and which is independent of the choice of coordinate system. 
However the question still remains as to how a curved 2-D surface might be perceived by a 
flatlander. The answer to this question lies in the choice of the coordinate system. In the mind of a 
flatlander a Cartesian convention is always used, that is the mental model used to project and 
imagine space is a flat Euclidean plane, regardless of how curved the space it really is, the points in 
which can be addressed with the use of two virtual perpendicular axis' s. Experimentally such a 
coordinate system could be constructed using the following procedure. The surveyor remains in one 
position, point A, and employs an assistant at a neighbouring point, point B, and which is at a known 
least distance from point A according to the measuring rod which defines a unit of distance. In order 
to address the points in the space, each surveyor measures the angle between the particular point 



being observed and the observed position of his colleague, providing two angles,        . Then 
employing a Euclidean convention i.e. triangulation, which incidentally is the model adopted by the 
observer’s mental process’s pertaining to perception, and the distance between A and B, the 
Cartesian coordinates       of the observed point are calculated. It has to be emphasized that using 
a Euclidean convention to construct such a coordinate system in no way provides any information as 
to whether the space really is Euclidean or not, it simply provides a convenient and intuitive device 
to map the points on the surface which corresponds to the mental model of the observer. The 
procedure to calculate the metric tensor can be implemented by employing a third assistant to move 
around the space placing the measuring rod at different positions and in different orientations, while 
at each instant the coordinates of the endpoints are observed by surveyors A and B .The 
displacements of the endpoints        , are then used to calculate the metric tensor by asserting 
that the measuring rod is always of unit length. i.e.  
 

             
                            

                

 
Generally speaking, the apparent length,           , will not be equal to one, i.e.    . 
 
In other words the main qualifying feature of a departure of the surface from a flat plane will be 
perceived by a flatlander as the apparent stretching or contraction of the measuring rod, the 
standard unit of length. In the same fashion a departure from a flat Euclidean space in a three 
dimensional world, our world, would manifest itself as the contraction or stretching of objects. 
Experimentally distance is a well defined concept in that the distance between two points is a 
measure of the least number of identical measuring rods needed to span the two points. Utilizing 
this notion provides a concrete means of identifying the distortion of objects as stress's and strains. 
Imagine a configuration of three identical measuring rods arranged such that they form a triangle, 
and then picture the triangle being moved to a region of space where the metric tensor dictated that 
the distances between the vertices of the triangle were no longer equal, i.e. the number of 
measuring rods needed to span each pair of vertices was no longer one in all cases. The implication 
here would be that the triangle could no longer exist in its original configuration in this new region of 
space, which meant that at some point during its journey it would have to break hence establishing 
the presence of a force which is just a manifestation of the space's non Euclidean nature. At this 
point emphasis should be placed on the fact that the measuring rods are not abstract entities but 
real physical objects. It should be emphasized that in order to be able to define 3-D space as a real 
physical entity, the behaviour of a measuring rod should be independent of the material from which 
it is constituted in the limit that the material itself does not significantly contribute or alter the 
quantitative properties of the space . So for example a measuring rod constructed from steel would 
exhibit the same behaviour in terms of stretching or contracting as a rod made from copper. 
Otherwise it would be difficult to assign any physical meaning or definition to the real nature of 
space since it could be argued that the behaviour of the measuring rods was more attributable to 
their constituents rather than having anything to do with a non Euclidean space. In order to extend 
these ideas to a four dimensional world of time and space we must first rigorously define what a 
space-time is and how it can be quantified from the viewpoint of practical experiment. A space time 
event           will simply be defined as the point         being observed at time  , where   is 
registered by a single clock in the locality of the experimenter. This defines a particular frame of 
reference in which the experiment is conducted. An alternative frame could be defined by describing 
an event,           as the point         being observed at time  , where in this case   refers to the 
time registered on a clock which is located at the point        . However a setup like this would 
introduce complications since it could not be assumed that the clocks comprising such an array, all 
ran at the same rate. It is much easier to collect measurements by defining a reference frame 
employing a single clock in the vicinity of the observer  and then transforming into other reference 



frames if desired. The 3D points are mapped using the same procedure described above, i.e. 
unitizing surveyors and a Euclidean convention. The 4-D distance element is; 
 

            
        

 

   

           

 

     

                 

in which 
 

                             
. 
 
For        ,    is pure space like which allows the                         components to be 

calculated in the manner described above , that is using a measuring rod to calibrate the metric 
components over the entire 3D region. Since the components need to be calibrated instantly at time 
 , then to be practical many observations using many measuring rods would need to be taken 
simultaneously. For       ,    is pure time like and 
 

            
             

 
Given Eq (4.8), the question becomes how can               be measured. A measuring rod cannot 
be used as spatial length does not have meaning in this context. Instead of a measuring rod what 
must be used is the tick of a clock to define a standard unit of time. For convenience it can be 
assumed and without loss of generality that the observer is located at the origin of the coordinate 
system, the construction of which has been described above. 
 
Let 

                  
           

 
be the value of      at the origin at time   as registered by a clock in the locality of the experimenter 

,or for clarity, a clock which is located at the origin. Let t' be the time registered by a clock which is 
identical to, and has been synchronized with the clock located at the origin and which has then been 
subsequently removed  from the origin and relocated  to        . The hypothesis to be adopted 
here is that; 
 

                    
        

    
 
                   

    
In other words the clock identical to the experimenter' s origin clock and which is then relocated to 
        ,is to be employed in the same analogous capacity for determining the time like quantity, 
             , as the measuring rod was for determining the pure space like quantities,           

                  . 
 
Therefore 

    
    

 
                

                   
or 

   

  
  

             

    
 

                                  

 

indicating that the clocks will run at different rates depending on the ratio 
             

    
 .       

     

defines a standard time like length which can be used to measure the relative value of               



at all points in the 4-D space. It is the ratio of observed clock rates which allows for the 

determination of 
             

    
  .If during the course of experiments the observer finds the result to be 

independent of the physical character and design of the clocks, then it is to be concluded in all 
probability that time is a real physical entity, since it could otherwise be argued that the results were 
due to spurious interference effects caused by the differences in the potentials,               and 
    

                , on the rhythm of the clocks and which varied depending on the clocks 
particular construction rather than been the result of a real, yet intangible temporal property of the 
universe. Unlike Relativity theory in which time dilation and length distortion are regarded as 
predictions of the theory, in this exposition they are to be viewed as the primary physical 
phenomena which are directly unitized by an experimenter as fundamental measures to uniquely 
infer the components of the metric tensor. In fact there are no other means by which the metric 
tensor can be measured, and should they not exist then Space-Time would simply be devoid of 
matter and the action of all physical processes that collectively define and give meaning to the idea 
of the existence of  the universe. 
 

Velocity Induced Time Dilation and Fluid Paths. Consider a fluid Path, 

 
                                                         

 
If for the moment it is assumed that the metric tensor ,      , in the           space is known then 

since a fluid path is effectively a transformation from one coordinate system , the              
space, to another , the           space, then it is possible to calculate the metric tensor in the 
particle labelling space,             , and which will be denoted by      . The distance elements in 

both spaces are identical so 
 

            
        

 

   

           

 

     

      

        
        

 

   

           

 

     

                  

in which 
                                          

 
                 can be calculated by utilizing the particular displacement in which      , i.e. 
 

      
        

 

   

           

 

     

              
               

 
In this special case we have the condition that; 

   
  

                          

 
which is the velocity of the fluid particle identified  by             .  Consequently we have then the 
case that; 
 

                    

 

   

                          

 

     

                                   



The ratio 
    

    
  can be determined in a similar manner as described above in which the ratio 

    

    
  is 

determined by comparing the ratio, 
   

  
, of observed clock intervals between a clock , t' , fixed at 

        and an identical observer' s clock,  , located at the origin.     
   is the value of the time like 

quantity at the observers location in the              space. However the difference in this scenario 
is that the test clock,   , in the               space must be fixed at the particular location identified 
by the particular            with respect to the labelling space, in other words the               

coordinates of the test clock ,     are fixed since      . So the ratio 
   

  
 compares the time intervals 

between a clock moving with a velocity given by the velocity field defined by  the fluid path, and the 
experimenter' s local clock.  
 

   

  
  

    

    
                 

 

Assuming that              , means that we can equate,      
      

 , and so Eq (4.19) becomes; 
 

   

  
  

    
    

 
  

           
 
           

 
         

    
 

                 

 
Generalized Lorentz-Fitzgerald Contraction. Contained within Eq (3.23) and Eq (3.33) there exists a 

generalized version of the Lorentz-Fitzgerald Contraction in which a region of a Fluid Path undergoes 

a contraction in its volume due to its motion. This claim can be supported with the following analysis 

: Suppose an infinitesimal region of a Fluid Path of uniform density ,  
 , occupies a volume,    . Also 

suppose that the body of matter described by   
  and     is initially at rest  before undergoing an 

acceleration to  eventually attain a steady velocity,   , at which point the characteristics of the body 

are described by a new uniform density ,  ,  extending over a new volume given by   . Therefore 

form Eq (3.33) we thus have; 

  
                                 

which from  Eq (3.23) gives; 

  

   
 
 
 
 

  
 
 
 
       

      
               

In which the before and after four velocities are given by,    
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Allow the over bar  to indicate the measurements taken by an observer in the rest frame of the body 

in question.  Now make the assumption that the proper density,   , as measured by the rest frame 

observer undergoes no change after the body has undergone the acceleration, that is it will be 

assumed that          . This assumption is akin to this postulate that the laws of mechanics are the 

same in all inertial frames of reference in regard to the Special Theory of Relativity. Now since the 

proper density is a scalar quantity then it is the case that; 

                                     

which means that from Eq (4.22), we have; 



  

   
 
       

     
                

For the purposes of illustration it will be assumed that the body in question can be described as a 

region consisting of a uniform cross sectional area in which the area of cross section experiences no 

change after the body has undergone the acceleration, and with the acceleration proceeding along a 

straight line perpendicular to the area of cross section, that is,            and         , in 

which     and    indicate the respective lengths of the body before and after the period of 

acceleration. Consequently Eq (4.24) can be written as;  

  

   
 
       

     
                  

For a flat space time given by; 

             

   
   

  
  

  
  

   
   

  

means that  Eq (4.25) simplifies to ; 

  

   
    

  

  
             

which is the recognizable form of the Lorentz-Fitzgerald Contraction. It should be  emphasised at this 

point that the result represented by  Eq (4.26) is not required for the development of the theory 

expressed in this treatise, and merely represents a possible implication of  Eq (3.23) and Eq (3.33).  

Examination of The Structure of Flat Space-times and their Relationship to the Finite Nature of 

Signal Propagation and Velocity Induced Time Dilation. For the particular frame of reference 
described above in which the event             describes the observation of the point         at 
time   as registered on a clock located at the observers position, then in such a frame it will be 
instructive to consider the metric tensor which describes  a flat space-time.  Consider the scenario in 
which two identical synchronized clocks registering   and   are both located at the observer’s 
position, which without loss of generality can be assumed to be the origin of the coordinate system 
described above. If the clock registering     undergoes an arbitrary motion then Eq (4.20) may be 
employed to calculate     in relation to   as measured by the observer located at the origin. Suppose 
after time   as registered by the stationary clock located at the origin, the second clock has moved a 
distance   defined by; 
 

                                                         
 

 

             

 
in which      the the velocity vector, as measured in          , is describing the motion of the test 
clock. Then to a first order approximation, the integration of Eq (4.20) should yield the physical 
requirement that; 
 

     
 

 
                            

in which   denotes the speed of light. The flat Minonski Space-Time indicated by      defined as; 



 

      

   
   

  
  

  
  

   
   

                 

 
does not meet this requirement as this metric actually corresponds to a frame of reference in which 
the space time point            is defined as the point         being observed at time   as 
registered on a clock actually located at        , and with all such clocks in this configuration being 
identical and synchronized, something which in practice would be quite infeasible and which can 
only really exist as an abstraction. The flat Space-Time metric,     , actually corresponding to the 

more pragmatic coordinate system in which the point           is defined as         being 
observed at time   as registered on a clock located at the origin in the observer’s vicinity, has a 
somewhat more complicated structure and takes the form; 
 

     

 

 
 
 
 
 
 

   
 

  

 
 

  

  

    
  

 
 

  
 
 

  

 
  

    
 

  

    

 
 

  
 

  

    

 
 

  
 

  

    

  

    
   

  

    

 
  

    
  

    
   

 
 
 
 
 
 

               

 
Inserting      in Eq (4.20) yields; 

 

   

  
  

           
 
           

 
         

    
      

   
 

  

 

   

   
 

  
   

 

 

   

     
 

 

  

  
   

 

  
   

 

 

   

    
 

 

  

  
 

 

  
 
  

  
   

 

  
   

 

 

   

             

 

which after Taylor expanding to order    
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Integrating Eq (4.32) then gives; 
 

     
 

 
   

 

  
                         

 

The 
  

   
 term in Eq (4.32) measures the actual velocity induced time dilation of the test clock. That is 

should the test clock complete a round trip back to the observer, then the test clock would have 
been retarded, compared to the stationary clock at the observer’s location, by an amount given by; 
 



      
     

   
  

 

 

                

 
It’s also worthwhile to point out as a final remark, that in reviewing the question of the Lorentz-
Fitzgerald contraction in the context of the more pragmatic metric given by Eq (4.30), one can 
rework the analysis to obtain what perhaps could be considered a more ‘realistic’ expression for the 
length contraction given by Eq (4.26), to be; 
 

  

   
   

 

 

  

  
 

  

   
                

 
Here   is the approximate distance as measured by the observer located at the origin, of the 
infinitesimal region ,    which describes the extent of a body moving at a constant velocity  .  When 

the position vector,  , is perpendicular to the velocity vector,  , we have 
  

  
  , and the original 

form of the Lorentz-Fitzgerald contraction is recovered to first order in 
 

  
. For this reason the 

 

 

  

  
 

term appearing in Eq (    ) can be interpreted as an artefact of an ‘optical illusion’, and with the 

‘actual’ length contraction being determined by the  
  

   
 term. 

 
 
 

5. The Harmonic Gauge and the Lorentz Transformation 

As was stated in section 3, Eq (3.15) simultaneously generates the field equations for the matrix 

components representing the space-time metric tensor, along with the equations of motion and 

conservation of particle number in regard to the fluid path which constitutes the energy momentum 

tensor in Eq (3.15). The point to be emphasised is that the equations of motion do not represent 

four external constraints to be employed in conjunction with Eq (3.15) to uniquely infer the fourteen 

unknowns contained in Eq (3.15) since the equations of motion are already contained within Eq 

(3.15). Therefore Eq (3.15) being essentially ten equations in fourteen unknowns is under 

constrained in that in suffers from four degrees of ambiguity. It follows that four additional 

constraints are required in order to generate a unique solution for the metric tensor and the fluid 

path. In General Relativity this requirement is furnished with the aid of what is known as the 

Harmonic Gauge [2], and its historical motivation was located in the desire to have the field equation 

reduce in first order approximation to wave equations [1], from which the existence of gravitational 

waves could be inferred.   

 

The Harmonic Gauge takes the following form; 

                          
 
Of special consideration is the observation that Eq (5.1) in its present form is not a tensor equation, 
that is for an arbitrary transformation,         

 , it will generally be the case that; 
 

     
 
                      

 



However this is exactly what is required as the purpose of Eq (5.1) is to select a frame of reference. It 
is only under a certain class of transformations will it be the case that Eq (5.1) remains invariant, as 
will be shown as follows. Let us write  
 

                         

 
i.e., all we are doing is splitting the metric tensor into the sum of a constant metric,     , and a 

variable component,      . 

 

Context Dependent Covariant Derivative. The context dependent covariant derivative simply makes 
explicit the underlying metric tensor which the covariant derivative of an arbitrary tensor is 

computed in the context of, i.e. for an arbitrary tensor,   , the covariant derivative,         , of    

with respect to   , simply indicates that it is the underlying metric       which is used as the 

background metric for the computation of the derivative. Adopting this convention means that since 
the       are constant then it is possible to express Eq (5.1) as;  
 

                               

 
Eq (5.4) now express’s a covariant form since under any arbitrary transformation,         

 ,  such 
that           

  and          
  we have;  

 

     
                             

 
and in which  the     

  need not necessarily be constant. If we consider the special class of 

transformations              
  such that the metric tensor      is mapped unto itself, i.e. 

 
                      

and   for completeness; 
                          

then  Eq (5.5) becomes; 
 

       
                   

                  
                        

 
Simply put, if      constitutes a solution to Eq (5.1) then under the transformation given by Eq (5.7), 

    
  is also a solution, so in this sense the class  of transformations,      , can be regarded as a 

device for generating solutions to Eq(5.1). Consequently since employing  Eq (5.1)  together with Eq 
(3.32) uniquely infers     , then  it must follow that     

  corresponds to the solution for the pair; 

 

    
 
      

 
  

 
             

 

     
                     

 
Historically the transformation class represented by       became known as the Lorentz 
Transformations and forms the axiomatic basis of Special  Relativity. It’s also worthwhile to note that 
Eq (5.8) is true for the more general class of linear transformations including a Galilean 

transformation. This can be easily seen from the fact that under a linear transformation,          
 , if 

the      are constant then so will the     
 . 

 
 



6. First and Higher Order Approximations  

It is conjectured here that Maxwell’s Equations and the Lorentz Force law follows as a first order 

approximation to Eq (3.15) and Eq (5.1) when we have; 

  

   
 

   
       

  

  
         

so that we have; 

     
 

   
   

                

in which    is identified with the electric charge density. It is also hypothesised that all the other 

forces appearing in nature, including gravity follow as higher order approximations to Eq (6.2) and Eq 

(5.10). The case for gravity could possibly be conceived of as being the result of a sort of averaging 

methodology being applied to Eq (6.2), that is  General Relativity is but an averaged version of Eq 

(6.2) in much the same way as for example the Navier-Stokes  Equations are averaged to model the 

effects of turbulence. These speculations in regard to gravity will be examined in a future research 

paper. In references [3] and [4] the application to Maxwell’s Electromagnetism and Weber’s 

Electrodynamics respectively, is investigated in considerable detail. Worthy of mention is the 

observation that employing Eq (5.10) to constrain Eq (6.2) effectively, if desired, removes the 

requirement that the charge density and velocity field be fundamental fields of the theory, as they 

can be, in principle at least, eliminated entirely so as to leave a set of equations involving the metric 

tensor only. In this way it may be useful to regard the underlying metric as the fundamental reality 

whose measurement can be ascertained by the procedure as outlined in section 4, and to regard  

the charge density and velocity fields to be nothing more than mere ‘derivatives’ of the underlying 

reality as represented by the metric tensor. The advantage of removing the velocity field from 

consideration  is that the classical paradox’s such as those concerning the question of  ‘what is a 

point ?’ for example, can be dispatched with, since to define a velocity field as a fundamental reality 

requires  the reality of a point to be ascertained, a task which has proved elusive throughout the 

ages. To elaborate since a velocity field is constructed from measurements of the rates of change of 

a continuum of point particles defining a fluid path, and since the concept of a point has proved to 

defy  scientific rigour, then so does the concept of a fluid path, and by association the charge density 

and velocity field. The question ‘of what is a point?’ has already been, to a certain extent, already 

dealt with within the framework of Quantum Theory in which the roles of position and velocity are 

simply regarded as average ‘derivatives’ (derivatives in the sense of being secondary effects and not 

in the sense as in the theory of calculus)  of the wave function whose underlying reality has received 

almost universal acceptance in the scientific community. In fact a possible connection with quantum 

theory is examined in [3] in which the changes in energy-momentum density of a harmonic 

electromagnetic wave are shown to be linearly dependent on frequency changes. To illustrate the 

point, it can be seen from Eq (6.2) that the Riemann Space-Time curvature, , can be identified with 

matter as represented by the  charge density,   , i.e.; 

   
 

   
 
  
   



In this theory this relationship is interpreted as meaning that the charge density is the result of, or 

derives from the existence of curvature in the space-time continuum rather than insisting, as is the 

case in General Relativity, that curvature is due to the ‘presence of matter’, as if matter was 

something which existed separately from the space-time within which it is situated.  

 

Summary 

 
Like the original formulation of Lagrangian Mechanics a set of experimental observations is treated 
as a single point in a multidimensional configuration space where each dimension in the 
configuration space represents each of the experiment's observables. By requiring that a universal 
time variable be defined in terms of the experimental observations and that it be independent of the 
details of the instrumentation used to obtain the observables, it was hypothesized that the most 
general lagrangian had a quadratic signature akin to a distance element on a manifold embedded in 
the configuration space. This very general result was used to define a  lagrangian density employed 
to describe the dynamics of a continuum of observation points  referred to in a new concept known  
as a ‘fluid path’ whose role was to provide a very abstract representation of matter, i.e. that it 
contain the essential features of a velocity field and a ‘point particle’ density distribution. Observing 
that the velocity field of the fluid path was that of a geodesic velocity field on a Riemann manifold, 
motivated a desire to use an alternate formulation in order to recover the metric tensor in addition 
to the equations of motion of the fluid path.  This was naturally facilitated by the Einstein-Hilbert 
formulation of the action quantity in which the metric tensor was flexed while the fluid path was 
held fixed. The resulting field equations contain within them the equations of motion of the fluid 
path as well as the expressions for the metric components. Confidence was particularly inspired by 
the capability of the field equations to reproduce the ‘point particle density theorem’ but from 
considerations entirely devoid of those pertaining to a fluid path.   
 In section 4 an experimental procedure was explored as to how the metric tensor might be 
empirically determined. From the outline of the description of a thought experiment it became 
apparent that the non Euclidean qualities of the metric tensor manifested themselves as distortions 
in the lengths of measuring rods and changes in the rhythms of clocks and with such effects being 
independent of the details of their construction. In fact the very existence of a non Euclidean metric 
tensor depended on such effects being observed. In light of these considerations the entirety of 
mechanics can be seen to be purely geometrical in origin, just as Einstein always insisted, and it is 
from the measurement of such a geometry that enables the ‘fundamentals’, such as velocity and 
charge density, to be quantified. In [3], among other things, it is shown how an acceptable definition 
of mass-energy naturally emerges from the metric tensor. Also in section 4, from adopting the idea 
of using the labelling space associated with a fluid path as a reference system, it was possible to 
obtain the Einstein velocity induced time dilation effect, and to expand on this effect in order to 
recreate the finite delay observed in signal propagation by identifying the correct flat Space-Time 
corresponding to an experiment in which space-time events are defined with the aid of a single 
clock. As a final point it was briefly discussed how the Lorentz-Fitzgerald Contraction  potentially 
follows as a consequence of Eq (3.23) and Eq (3.33) by assuming that the proper density does not 
change for the rest observer, an assumption akin to the requirement of the invariance of the laws of 
mechanics in Special Relativity. It was also pointed out that the validity of the Lorentz-Fitzgerald 
contraction was not required for the validity of other conclusions arrived at in this treatise.  
 In section 5, on observing the ambiguity present in the field equations, the Harmonic Gauge 
(HG) ,[1], was introduced. By requiring that the Field Equations together with the Harmonic Gauge 
form the basis of the principles of mechanics implied that the governing equations embodying such 
principles be invariant with respect to any linear transformation, with the Lorentz and Galilean 
transformations representing special cases. That is to say, in this exposition it was shown that the 



hypothesis of the Harmonic Gauge replaces and subsumes the hypothesis of the Lorentz 
Transformation, as opposed to the case of Relativity Theory which begins with the Lorentz 
transformation as the primary generating principle. It could be argued that with the potential 
implication of the Lorentz-Fitzgerald contraction and the velocity induced time dilation, that these 
phenomena could be used to infer the invariance of the speed of light in inertial reference frames. In 
other words it would appear that the invariance of the speed of light follows naturally as a 
consequence of the ideas exposed herein, and is not required as a hypothesis as in the case of 
Special Relativity. However, as has been emphasised, the validity of such phenomenon are not 
essential features nor to they constitute the purpose of this research. Instead they are to be viewed 
as potential implications of the ideas developed herein. What this author has attempted to achieve 
is to ask the question of what should the most essential features of any theory of dynamics be, and 
to try and present his idea of an answer with as few a priori notions, circular definitions and 
suppositions as possible. Finally In section 6 the preamble to [3] was discussed at length, in which 
the hypothesis is made that the first order features of the Field Equations actually correspond to 
Electromagnetism, and with the other forces, including gravity, following on as higher order effects.     
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